Math 608 - Spring 2025
Homework 1
22 January 2025

If you do not remember much about metric spaces (or have not seen them before),
read /review section 0.6.

Read sections 4.1, 4.2, and 4.3, with particular attention paid to Proposition 4.13, the
examples on page 125, and the definition and properties of a subnet.

1. Suppose that (X, d) is a metric space.

(a) Suppose that f : [0,00) — [0, 00) satisfies f(0) =0, f(x) > 0if x > 0, f is increasing,
and f is subadditive, i.e., f(x+vy) < f(x)+ f(y) for all x, y. Show that fod : X x X —
[0, 00) is a metric on X.

(b) Suppose that f : [0,00) — [0,00) is C! (continuously differentiable, i.e., continuous
with continuous derivative), f(0) =0, f/(0) > 0, f'(x) > 0 forall x, and f’ is decreas-
ing (i.e., x < y implies f'(x) > f’(y)). Show that f is subadditive.

(c) Suppose d and d’ are metrics on X. Show that the topology generated by d’ is weaker
than the topology generated by d (i.e., every open set in (X,d’) is open in (X, d)) if
and only if, given any € > 0 and x € X, thereisa d > 0 so that

dix,y)<é = d(xy) <e

(d) Conclude that if d is a metricon X, thensoisd’ = % , and these two metrics generate
the same topology. (It is often convenient to be able to replace a metric d by d’, which
satisfies d’(x,y) < 1forall x,y € X.)

2. If {X,} is a family of topological spaces, then X = [], X, (with the product topol-
ogy) is uniquely determined up to homeomorphism by the following universal property:
There exist continuous maps 7, : X — X, so that if Y is any topological space and
fa 1Y = X, are continuous functions for each «, then there is a unique continuous func-
tion F : Y — X so that fy = 7y o F. (In other words, show that if you have two spaces
X and X/, together with corresponding maps 7, and 77}, then X and X’ must be homeo-
morphic. Hint: Use the uniqueness of F.)

3. If X is a set, F a collection of real-valued functions on X, and 7 the weak topology
generated by F, then 7 is Hausdorff if and only if for every x,y € X with x # y, there
exists an f € F with f(x) # f(y).



4. Prove Tietze’s extension theorem, i.e., that in a normal space X, for a closed set A C X
and a continuous function f : A — IR, there is a continuous function g : X — R so that
gla = f, by using the following steps:

1.
2.

6.

Leth = f/(1+|f]). Then |h| < 1.

LetB={x € A:h(x) < —3}and C = {x € A: h(x) > 1}. Use Urysohn’s lemma
to show there is a continuous function /1 on X so that hy|p = —% and In|c = %
Conclude that |(x) — hy(x)| < % for x € A.

. Use induction to show that there is a continuous function /, on X so that |h,(x)| <

2;—;1 forall x € X and so that |i(x) — Y7 Ii(x)| < &; forall x € A.

Show that the sequence (%,) is uniformly summable to a continuous function k on
X with |[k|] <1and k|4 = h.

. Show that there is a continuous function ¢ : X — R which is equal to 1 on A and 0

on{x € X: |k(x)| =1}.
Set ¢ = ¢k/ (1 — ¢ |k|). Show this g works.

5. Prove that a topological space X is Hausdorff if and only if every net in X converges
to at most one point. (See problem 4.32 in the text.)

Quiz 1

(a) Prove that if X, is connected for each a, then [ X, (equipped with the product topol-

ogy) is connected. See problem 4.27 for the precise statement; you can use problems
10 and 18 without proof.

(b) Show that the same does not necessarily hold for the box topology by showing that in

the sequence space RN, both the collection of bounded sequences and the collection
of unbounded sequences are open.

Additional practice problems 4.15,4.21, 4.23, 4.28 from the text.



