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THE KLEIN-GORDON EQUATION ON ASYMPTOTICALLY
MINKOWSKI SPACETIMES: CAUSAL PROPAGATORS

DEAN BASKIN, MORITZ DOLL, AND JESSE GELL-REDMAN

ABSTRACT. We construct the causal (forward /backward) propagators for the massive Klein-
Gordon equation perturbed by a first order operator which decays in space but not neces-
sarily in time. In particular, we obtain global estimates for forward/backward solutions to
the inhomogeneous, perturbed Klein-Gordon equation, including in the presence of bound
states of the limiting spatial Hamiltonians.

To this end, we prove propagation of singularities estimates in all regions of infinity
(spatial, null, and causal) and use the estimates to prove that the Klein-Gordon operator
is an invertible mapping between adapted weighted Sobolev spaces. This builds off work
of Vasy in which inverses of hyperbolic PDEs are obtained via construction of a Fredholm
mapping problem using radial points propagation estimates. To deal with the presence of a
perturbation which persists in time, we employ a class of pseudodifferential operators first
explored in Vasy’s many-body work.
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1. INTRODUCTION

We consider the inhomogeneous Klein-Gordon equation on R"*! = R, x R” with coordi-
nates (t, z):

(1.1)
where D; = —id;, D,

(D — (A +m?+ V)] u(t,z) = f(t,z)

= —id,;, A = D, - D, is the positive Laplacian, m € R, m > 0, and

V = V(t, z) is a smooth, real-valued potential function with spatial decay. In this paper we

construction of the causal (forward/backward) propagators G /_.
To give a simplified version of our results, consider V = V(z) € S7?(R”; R), meaning V
is real-valued and decays like 1/|z|? with corresponding derivative estimates. If the spatial

1

give quantitative estimates in phase space for the solution u to (1.1) in terms of the forcing
f in all regions of spacetime infinity. We use these phase space estimates to provide a novel
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Hamiltonian in equation (1.1) is positive and A + V' has no eigenvalue or resonance at 0,
then, letting xo(t) be a smooth cutoff to ¢ < 0, we have, for any € > 0,

|| (<t7 Z>_1/2_€ + X<O(t) <ta z>_1/2+6) G-l—f(t? Z)||H1(R"+1) < CH <t7 Z>1/2+€f(t7 Z>||L2(R"+1)-

Such an estimate gives a global spacetime weighted H'(R™""!) bound for the forward solution
uy = G, f in terms of a corresponding weighted L?(R™™!) norm of the source f, with weight
depending on the time direction; faster growth is allowed in the ¢ — 400 region, with slower
growth as t — —o0, relative to a (¢, z)'/? threshold. This estimate is refined substantially
in Theorem 1.1, below, in which we prove finer mapping properties for G, ,_ in a wider
class of spaces with variable order spacetime weights and arbitrary differential orders. The
theorem applies to a large class of Klein-Gordon operators which are asymptotically static
and non-trapping.

By a “global” solution to (1.1), we mean one for which both the forcing f(t,2) and the
solution wu(t,z) are defined on the whole of the spacetime R?jl. In this work, we study
primarily the two special solutions operators (i.e. propagators) to (1.1) which exhibit tem-
poral causality, namely the forward and backward propagators G ,_. These define global
solutions u,— = G ,_f with the property that they propagate solutions in the forward (+)
or backward (—) time directions, meaning, for example for G, that

(1.2) supp f C{t>T} = suppG;f C {t>T}.

Our main results on the causal propagators are Theorem 8.2, Theorem 8.3, and Theo-
rem 8.4 below. We give a simplified version of these theorems now, assuming that

V =Vy(2) + Vi(t, 2)
where V € STHR™R) and V; € C®°(R"":R) a perturbation which is Schwartz in space
and decaying in time: '
020 VA (t, 2)| < C{t) ™ ()7
for any j € Ny, multiindex a« € Nj and N € R and some C depending on j and V.

The assumptions in the theorem pertain to the spectral properties of the limiting spatial
Hamiltonian
Hy, = A +m? 4+ Vy(2).

Namely, if V' = Vy(z) is static, we assume only that 0 is not an eigenvalue of Hy, (see
Theorem 8.4). Otherwise if V; is non-zero, we assume that Hy, > ¢ > 0, i.e. the limiting
Hamiltonian Hy, is strictly positive. We assume in all cases that the spectrum of Hy; is
strictly absolutely continuous near [m?, oo). If V; € S72, then this is implied by the absence
of eigenvalues or resonances for A + 1} at 0.

Theorem 1.1. With V' as above the forward propagator exists as a mapping between weighted
L?-based Sobolev spaces: for any e >0, s € R,

G.: Z>71/27€H571(R211) et Z>1/2+€HS(RZ~ZI>].).
Moreover, if a spacetime function (see Section 2.8 for details)
£.(t,2) € Sy(R{THR)
satisfies

(1) £y < —1/2 in a neighborhood of future causal (timelike) infinity (i.e. int > 0, |z/t| <
1+ € for small e > 0),
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(2) €, > —1/2 in a neighborhood of past causal (timelike) infinity (i.e. int < 0, |z/t] <
1+ € for small e > 0),

(8) £, is monotone decreasing along future-directed null rays,

(4) £y is constant in a neighborhood of causal infinity,

then G extends to a bounded operator
Gy o (t, ) O R — (¢, ) SRS,

In particular, the weight €, can be taken arbitrarily high away from future causal infinity,
yielding additional decay if f has additional decay.

The analogous statements are true for the backward propagator G_, where now €£_ < —1/2
in a neighborhood of past causal infinity, £_ > —1/2 in a neighborhood of future causal
infinity, and monotone decreasing on past-directed null rays.

One of the main features of our approach is that it applies to perturbations of free Klein-
Gordon within a large class of operators which limit to static potentials Vi = Vi(z) as
t — +oo. In particular, there is no need for the limiting potentials V. to be equal to each
other as they are in Theorem 1.1. Though we allow more general V' below, to fix the idea we
begin by assuming that V = V (¢, z) is a smooth potential function with rapid spatial decay
and smooth time dependence, approaching a static potential as t — +oc:

V(t,z) € C°(Ry; S(RY)), and V(t,2) — Vi(z) = O(Jt| ™) as t — Foo,

and corresponding derivative estimates. The influence of the perturbation V' on the analysis
being the main object of study, we define the operator with explicit dependence on V:

In fact, we can allow V' to be a differential operator of order 1 with symbolic behavior in z.
Below in Section 3.4, we construct a compactification of spacetime on which V' is smooth,
and this global smoothness condition is more general than the assumptions above. We can
also allow O, .~ = D? — A to be replaced by the d’Alembertian [, of a non-trapping,
globally hyperbolic, asymptotically Minkowski metric g as described in prior work on the
massless wave equation [2].

Thanks to a famous result of Klainerman [23], the forward solution vy = G, f to Pyu, =
f with a sufficiently smooth and decaying source f is known to lie in ¢t~/2L>®(R"*!) C
(t, 2)1/2H0L2(R™1) near future causal infinity. Our results below refine the L? statement, in
that they allow us also to localize in frequency space in a neighborhood of the future radial
set, i.e. the limit locus of bicharacteristic rays, a phase space subset over future null infinity
defined below. One upshot is that the frequency-localization of the solution to the radial
set effectively carries all of the asymptotic data of G f as t — +00. In other words, there
are frequency localizers (),.q which cut off in phase space to the radial set, such that, for

f e Ce @™,
(1.4) (1d —Qyaq)G+ f € S(R™Y), while Q,eaG4f € (t, 2)Y/?HH (R

for any s € R and any € > 0. We prove our result using propagation of singularities and
radial points estimates, as we describe in detail shortly.

Propagator estimates of this type, i.e. global spacetime estimates using L2-based, weighted
Sobolev spaces, were established by Vasy for a large class of “scattering” operators, including
the free Klein-Gordon operator [40]. They are a combination of principal type propagation
of singularities estimates, radial points estimates, and microlocal elliptic estimates proven
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on non-compact regions of phase space. More accurately, they are proven up to and in-
cluding infinity, meaning in phase space regions on a compactified spacetime. Propagation
estimates in the scattering setting were first established by Melrose [32] in the case of the
Helmholtz equation, generalizing Hérmander’s propagation of singularities theorem [22] to
scattering operators on non-compact scattering spaces. Melrose’s paper [32] further intro-
duced the radial point' propagation estimates (also in the scattering setting). For the free

Klein-Gordon equation (and scattering perturbations thereof) one can use the phase space

picture of Melrose/Vasy, based on the radial compactification X = Rﬁjl, a compact space,

diffeomorphic to a closed ball, whose boundary points are the limits of geodesic rays. This
compactification, illustrated in Figure 1, includes spatial and causal infinities as open sub-
sets of the boundary (the shaded piece of the boundary in Figure 1 also represents causal
infinity), while future null infinity and past null infinity are compressed to codimension one
submanifolds of the boundary. The relevant phase space for the free Klein-Gordon, the
scattering cotangent space 1T X, has X as the underlying spacetime and the standard 7, ¢
(dual to ¢, z) momenta. This is described in detail in Section 2.

To understand the phase space nature of the estimates, consider the family of solutions to
the free Klein-Gordon equation Pyu = 0 obtained directly by Fourier transformation in the
spatial variable, namely, for g, € C°(R"), with

a(t,¢) =) e VI, (),
+

let u(t,z) = Z__l)cﬁ(t, ¢). The infinite dimensional space of such u, in regions of the form
|z|/t < ¢ < 1, behave asymptotically as

u=1"" (M(Zﬁ/t)e’"”V CEE by (/e tL'ZP) (1+0(1/1))

as t — +oo with a,,b, smooth functions easily computed in terms of the inverse Fourier
transforms of the coefficients g.. Here y = z/t parametrizes future causal infinity. A similar
expression holds as ¢ — —oo. If one denotes the phase function ¢4 (¢, 2) = +m+\/t? — |z|?,
then the radial set over future causal infinity is the subset of phase space defined by

+mt Fmz

T (D=2
VE—TE VE—TE
This future radial set is the union of two smooth manifolds in *T"% X which extend smoothly

out to the compactified boundary of the fibers in 7 X. Here ¢+ denotes future causal
(timelike) infinity. The Q,qq in (1.4) can be taken to be the quantization of a cutoff function
supported near this radial set, and, for these simple solutions, the conclusion of (1.4) follows
from stationary phase.

The principal novelty of the current work lies in its treatment, via microlocal methods, of
perturbations V' that persist in time, in particular when there is asymptotic time dependence
and separation of variables between time and space cannot be employed directly. If one thinks
of the solutions of (1.1) in terms of their behavior along classical trajectories, then a geodesic

(to + sT,20 — s¢) with ¢ # 0

exits every compact spatial set, and thus as s — 400, one expects solutions to behave
asymptotically like those for free Klein-Gordon. However, on timelike trajectories with zero

T=Dip1 =

! As far as the authors know, radial points as such were first studied in [11]
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spatial momentum, the nature of the spatial Hamiltonians A + m? + V. influences the
asymptotic behavior substantially. The limits of such rays form two special points at causal
infinity, one in the future and one in the past, which we call the “north pole”, NP, and the
“south pole”, SP, and the lion’s share of our work below is in proving estimates near NP
and SP.

In particular, for non-zero V;, the operator Py does not lie in the class of scattering
operators Diff,.(R"™) defined by Melrose [32]. However, it does lie in a class of differential
operators studied earlier by Vasy [36, 38] in his treatment of many-body Hamiltonians,
called “3-body” or “many-body” or, as we write more frequently below, 3sc-operators. This
family of operators on R” includes not only many-body Hamiltonians, but also operators
which decompose analogously near a family of collision planes, modeled as submanifolds C
of infinity. In our case, the picture is comparatively simple; we have just one analogue of a
collision plane and it is the straight line z = 0 in R**1. For Py, the relevant C' that arises
is simply the two poles,

C = NP USP,

Those two points lying in causal infinity are precisely the points where Py fails to be a
scattering operator. For a description of how these operators, which we follow Vasy in
denoting by Diffs, (R"!), arise in our setting, see Section 3. Correspondingly, we work on
the resolved space [X;C] obtained by blowing up the two poles. This blow-up introduces
two new boundary hypersurfaces, each of which is essentially a copy of R”, and is in fact the
limit locus of geodesics with zero spatial momentum, as depicted in Figure 2.

The result of this 3sc-analysis is a family of non-elliptic Fredholm problems for Py, anal-
ogous to the Fredholm problems on asymptotically hyperbolic spaces established by Vasy
[38]. We prove global estimates on a priori spaces of distributions which satisfy prescribed
asymptotics, above threshold near past causal infinity and below threshold near future causal
infinity. We let

HAAR™Y) = {u € S'(R™) : (t,2)u € H*R™)},  u|

et = |lullse = (¢, 2)ou)| g -

denote the relevant weighted Sobolev spaces, where £(¢, z) is a smooth spacetime weight and
HEO(R™) = H*(R™!) is the standard Sobolev space of order s on R"™. The a priori
spaces are defined as

(1.5) Xs,ﬁ — {u c H:éZ(Rn—i-l): Pyu € HSSC_17£+1(Rn+1)}, ys,[ — Hsséé(Rn—i—l)
with
(1.6) [l se = [l

In general, the weight £ can have phase space dependence, although for time-persistent V'
it must be constant in a neighborhood of C. Genuine phase space dependence is permitted
but not needed in the present paper, though it will play a role in future work. Our con-
struction of the propagators works by first establishing a Fredholm mapping property, and
then proving invertibility of this mapping by proving that the kernel and cokernel are trivial.
The Fredholm property holds more generally than the invertibility, and in that case there
are still causal propagators in the sense that there is a generalized inverse for any Fredholm
map.

Given V| to obtain a Fredholm result (from which invertibility may or may not be con-
cluded) we do not need to assume that the limiting Hamiltonians Hy, are positive. Instead,
we assume only that

?,z + HPVUH§71,£+1 :
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(1) Hy, = A +m? + V. has purely absolutely continuous spectrum near [m? oo), i.e.,
the absolutely continuous spectrum [m? 0o) of Hy, is disjoint from the singular and
point spectra, and

(2) Hy, has no eigenvalue at 0.

The second assumption avoids the presence of linearly growing modes. In this case we have
that Py is a Fredholm operator between appropriate spaces.

Theorem 1.2. Let V' be any of the asymptotically static potentials described in Section 3./
satisfying the assumptions just described. If €4 is a spacetime weight as in Theorem 1.1,
then

Py: xste oy ys—letl
18 a Fredholm operator.

Analyzing Py as a 3sc-operator allows us to prove estimates for Pyu = f near C. In
accordance with Vasy’s results for many-body Hamiltonians, estimates at C' are proven at
each level of the temporal momentum component 7. This is accomplished in particular by
analysis of the so-called indicial operator fo(Pv). Near NP, the indicial operator is the
Fourier transform in time of the limiting operator:

Ng(P)(T) =712 = A, —m* =V, =7 — Hy,_,
with an analogous indicial operator at SP. This operator’s behavior has three distinct types:

(1) if |7| > m then 72 lies in the continuous spectrum of Hy, ,

(2) if |7| < m then the operator Ng(Py)(7) is elliptic on R” in the scattering sense, and
(3) the borderline cases 7 = +m, which is where the radial set lies over NP.

In each of these three cases, we prove a different type of estimate. The three estimates are
analogues of (1) principal type-propagation, (2) elliptic estimates, and (3) radial points esti-
mates. The difference between our estimates and standard scattering propagation estimates
is that over C, frequency localization is local in 7 but global in the spatial momentum (. As
a result, the principal type propagation and radial points estimates always have assumptions
on the flow on all bicharacteristics passing over C' at the relevant 7-level.

In the case |1y| > m, we prove a principal type propagation estimate of the form “if nothing
comes in then nothing goes out” that appears in Vasy’s original work, described there using
broken geodesics. In other words, if Pyu lies in some H 1*F1(R"!) when microlocalized
near 7 = 7y, and u lies in H5Y(R"!) on all bicharacteristics which flow into NP at 7 = 7,
then u itself lies in H%(R™!) at 7 = 75 over NP and satisfies a corresponding estimate.
This estimate is the content of Proposition 6.1.

At 7 = +m, we prove above and below threshold radial point estimates. Below the
threshold decay rate ¢ < —1/2, the estimates mimic principal type estimates, namely if
Pyu € H: V! microlocally near NP and 7 = m and u € H2® on all bicharacteristics that
flow into NP at 7 = m, then u is microlocally in H’ at NP and 7 = m. On the other hand for
¢ > —1/2, the above threshold estimate is similar to an elliptic estimate; if Pyu € H3 b6
microlocally near NP and 7 = m and u € H%Y for ¢ € (—1/2,¢), then u € HZ' near NP
and 7 = m. We refer to Proposition 7.1 and Proposition 7.2 for details.

The scattering calculus provides a mechanism for frequency localization in 7 and ( uni-
formly up to infinity. In particular, the localizer to the radial set (),,q can be taken to
be a scattering operator of order (0,0). However, in the 3sc-calculus, operators obtained
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by quantization of (-dependent symbols do not have good commutation relations with Py
near C'. Therefore, in Vasy’s treatment, frequency localizers include functions of the many-
body Hamiltonian H, i.e., ¢(H), where ¢ € C°(R). In that case, because H is elliptic,
¢(H) is a smoothing pseudodifferential operator. However, in our case, functions ¢(Py)
are not well-behaved pseudodifferential operators, and we must first compose P, with an
invertible, globally elliptic 3sc-operator and then apply the functional calculus to obtain a
pseudodifferential localizer to the characteristic set. We use, for £ > 0 sufficiently large,

Gdj = w ((th -+ HVO + E)ilpvo) .

which we show lies in 3¢W%0(R"). The fact that G, is not smoothing corresponds to the
non-compactness of the characteristic set of Fy. We have the commutation relation

Gy, Pyy] =0

in our commutator construction and for Py this commutation holds to leading order. Fre-
quency localizers over C' will be of the form @G, where @ localizes to a T-level over C' (see
Section 5).

Another novelty of our work is the treatment of large 7 at C'. For many-body Hamiltoni-
ans, non-compact regions of the non-interacting dual variable lie in the elliptic region, and
are therefore not of direct interest. (It should be noted that a global Fredholm framework
for many-body operators would still need to address these elliptic regions.) In contrast, for
the 3sc formulation of Klein-Gordon, large 7 lie in the non-radial part of the characteristic
set and therefore exhibit principal type propagation. To establish propagation of singular-
ities estimates for 7 = £o00, we recognize the indicial family as a semiclassical scattering
differential operator of the form introduced by Vasy—Zworski [41],

Nee(Py)(7) € Wi (R"),
where the semiclassical parameter is h = £1/7, say as 7 — Foo. An attractive picture
emerges, in which the semiclassical principal symbol of NH(PV)(T) is exactly the restriction
of the scattering principal symbol of Py restricted to an appropriate hypersurface of a fiber
compactified phase space (see Section 4.4).

Similar to Melrose [32] and Vasy [40], we exploit the global structure of the Hamiltonian
flow in which all bicharacteristics flow from two components of the radial set to the other
two; the former act as global sources for the flow and the latter act as sinks. On the
characteristic set away from the radial set, we prove real principal type propagation estimates
along bicharacteristic rays form the Hamiltonian flow. For the free Klein-Gordon operator,
the Hamilton vector field H, = 70, — ( - 0, rescales to a smooth vector field on a the
fiber compactification T X of the scattering cotangent bundle. There it induces a smooth
extension of the bicharacteristic flow which preserves the characteristic set. The propagator
is the inverse of a Fredholm problem constructed using radial points estimates, as detailed
below in Section 2.8 and 2.9.

As in Vasy [36], the flow we use to analyze Py is the same flow as that for Py,. Away
from C', this makes sense immediately since the assumptions on V make it so that P, has
the same scattering principal and subprincipal symbol as Fy. At C, as in Vasy [36], we use
that the functional calculus localizers to the characteristic set can be approximated by those
same functions of the corresponding localizers for the free operator. Specifically, we use that,
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under the given assumptions, with G, the localizer for Py, and Gy the free localizer, that

Ng(Gy)(7) and Ng(Gyo)(7) have the same semiclassical principal symbol,

which fits nicely below thanks to the semiclassical formulation of the indicial family. This is
discussed in Section 5, together with the basic construction of the commutants that go into
the positive commutator argument.

The mathematical study of the long-time behavior of solutions to massive wave equations
is extensive and dates back at least to the pioneering work of Morawetz-Strauss [34], in which
the authors found one of the first decay results for the Klein—-Gordon equation. Quite a bit
more work on the spectral and scattering theory of Klein—-Gordon equations ensued, including
the works of Lundberg [29] and Weder [42]. Klainerman’s use of energy techniques [23],
discussed above, is perhaps the result most directly related to the current work. More recent
work has focused on energy decay (such as the works by Kopylova [26] or by Komech and
Kopylova [24, 27] or those described in the survey article of Kopylova [25]), on Strichartz
estimates (such as those by Kubo-Lucente [28]), or on asymptotics for related equations
(such as the work of Bejenaru-Herr [4] for the Dirac equation).

The Fredholm approach to the construction of resolvents and propagators for non-elliptic
operators using radial points estimates and anisotropic spaces is due to Vasy [12, 38, 39], while
the radial points estimates used in his construction are due to Melrose [14, 32]. Adaptation
of the method to more general non-elliptic scattering operators is due to Vasy [40]. Gérard—
Wrochna [10] used the method to construct the Feynman propagator for the Klein-Gordon
equation on asymptotically Minkowski spaces.

There is closely related work on the wave equation on Lorentzian scattering manifolds
due to Baskin—Vasy—Wunsch [2, 3] and Hintz—Vasy [19]. These papers prove not only linear
invertibility properties for the wave equation, but also semilinear results using weighted
global spacetime estimates akin to those above, only there the relevant estimates are b-spaces.
Subsequent work of Hintz and Vasy, which use in particular related microlocal methods
including radial points estimates on non-compact spacetimes, establishes stability properties
in mathematical GR [13, 20]. Use of the radial points estimates in semiclassical analysis
to study resonances on asymptotically hyperbolic manifolds and Pollicot-Ruelle resonances,
[5, 6]. Many of these approaches use anisotropic spaces, as they allow for threshold conditions
to vary between components of the radial set [9].

Ours is not the only recent work in microlocal analysis on hyperbolic PDE which uses
a many-body approach; Hintz has used 3sc-operators, and a related class of 3b-pseudo-
differential operators [15, 16, 17, 18, 21]. Also recently, Sussman [35] has analyzed the
asymptotics of solutions to Klein-Gordon near null infinity. This analysis includes a sub-
stantially more detailed study of solutions near null infinity, where we use only propagation
of singularities estimates.

Outline of the paper. The paper is organized as follows. In Section 2, we analyze the free
Klein-Gordon operator Py, which serves as an instructive model. In doing so, we recall the
relevant features of the scattering calculus, including the global structure of the bicharacter-
istic flow of Fy on the scattering cotangent bundle. We then prove Theorem 1.1 for Py and
for scattering perturbations of Fy. This provides both an outline for our general approach
to analysis of Py and the actual estimates that will be used for P, away from C'. In Section
3 we discuss how Py is not a scattering operator in general; it is instead a 3sc-differential
operator, a class which we define and discuss the basic properties of, including the indicial
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operator of Py. In Section 4 we display the basic properties of 3sc-pseudodifferential oper-
ators, including their symbol mappings and quantization, commutators, wavefront sets and
elliptic sets. In Section 4.6 in particular we develop an elliptic theorem of 3sc-operators,
including fiber infinity. Section 5 extends the work of Section 4 to prove functional calculus
statements for non-elliptic 3sc-operators and we compute the symbols of some commutators
which are used in the propagation proofs. In Section 6 and Section 7 we prove the propaga-
tion estimates over the poles C' (Section 6 proves the analogue of Hérmander’s theorem and
Section 7 establishes the radial point estimates). Finally, in Section 8, we put the foregoing
work together to prove the existence of propagators using the Fredholm framework discussed
above. In particular the main theorems are proven in this final numbered section. We finally
include an index of notation after the main sections of the paper.
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2. THE MODEL CASE

In this section we prove Theorem 1.1 for the model operator
(2.1) Py = D} — (A +m?).

The majority of this work was described by Vasy [40]; we follow that development and then
at the end of the section we describe related settings in which the same proof applies with
minimal modifications.

In the case of F,, the adapted Sobolev spaces are

(2.2) X%t ={ue HY: Poue HVY ) yot = gt

sc 7

for smooth function £ = £(t,z) € SY(R™!). We prove the invertibility of Py as a bounded
operator between X% and Y5 '4*! for suitable £.

Theorem 2.1. If s € R and £, a forward weight,
(2.3) Py XY — pslbetl

1s an wsomorphism. Its inverse is the forward propagator. The same is true if £ is replaced
by a backward weight £_, in which case the inverse is the backward propagator.

2.1. Outline. As described in the introduction, the main step in the proof of Theorem 2.1
is to show that Py and P; are Fredholm operators between X** and Y*~1¢*1. In particular,
Py : x* — YUl g Fredholm provided we can establish the following two global
estimates:

ullse < C ([ Poulls—1.e1 + llull-v-ar) ,
[ulli-—s-1-e < C([[Fgull—s—e + llull-v.-ar)
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where M, N are sufficiently large that H_ MM < H%¢ and H MM < Hl771¢ are
compact. These will hold only for suitable £, and the outline of the estimates here motivates
the choice of the forward and backward weights £ in Section 2.8. Although for the free case
we have Py = Fp, it is useful to distinguish these as the second estimate above is used to
analyze the cokernel of the Fredholm maps for Fj.

The global estimates for Fy and Fj follow from several types of microlocal estimates. In-
deed, via a microlocal partition of unity, we decompose phase space (the scattering cotangent
bundle, described below) into open sets U where

(1) U localizes to the elliptic set of Fj.

(2) U is a neighborhood of a point in the characteristic set of Py at which the Hamilton
vector field is non-radial. Here we bound u by FPyu and Fu, where E microlocalizes
to a neighborhood that is in the past of the Hamiltonian flow, see Proposition 2.6.
This is the typical microlocal propagation of singularities estimate.

(3) U is a neighborhood of a point in the characteristic set of Py at which the Hamilton
vector field is radial.

We prove estimates in the corresponding regions.

(1) We have microlocal elliptic estimates in Propositions 2.2 and 2.3

(2) In a neighborhood of a point in the characteristic set and away from the radial set,
we bound u by FPyu and Fu, where E microlocalizes to a neighborhood that is in
the past of the Hamiltonian flow, see Proposition 2.6. This is the typical microlocal
propagation of singularities estimate.

(3) Near the radial set, we have two different types of estimates: below the decay rate
£ < —1/2, we have an estimate that is similar to the propagation of singularities
estimate, see Proposition 2.13. Whereas for £ > —1/2, we have an estimate that
mimics the elliptic estimate, but we need to assume that u is a priori above the —1/2
threshold, see Proposition 2.11.

Given these four estimates — elliptic, principal type, and above and below threshold radial
points estimates — we obtain the desired Fredholm estimate for P, (and, by working with
adjoints, for P}) in the space HS¢ provided that £ > —1/2 (to apply the above threshold
estimate) and £ < —1/2 (to apply the below threshold estimate). This motivates the use of
a variable weight described below in Section 2.6 and Section 2.8.

In microlocal regions near the radial set we always assume that £ is constant, and empha-
size this by denoting it by /.

The rest of this section is devoted stating the estimates together with a sketch of the
proofs and then the proof of Theorem 2.1.

2.2. The scattering calculus. The operator P, is an element of Melrose’s scattering cal-
culus [32], which quantizes functions of the standard translation-invariant vector fields on
R"*!. Indeed, the scattering differential operators on a vector space RY are given by

(2.4) LeDMfif(RY) <= L= an(w)Dy, a € SYRY),
|| <m

where SG(RY) is the space of classical symbols of order zero on RY. Observe that Py =
D? — (A +m?) € Diff2,(R""). We now describe some relevant features of the scattering
calculus.
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Scattering operators are most easily understood as operators on a compactified space. Here
we use the notation X = R+ for this space, which is the simultaneous radial compactifica-
tion of spacetime. In particular, points on the boundary of X (below simply called “infinity”)
represent the loci of endpoints of geodesics of arbitrary type (timelike/spacelike/null), where
asymptotically parallel geodesics limit to the same point at infinity.

(2.5) X =Ry =87

Here X is simply a hemisphere of the unit sphere, SZH; it is a compactification of R**!

explicitly via the inclusion

(1,t,2)
{t,z) '

The boundary of Sﬁ‘fl is diffeomorphic to S™ and is given by
(2.6) oSt = {(0,t,2): * +|z|* = 1}.

(t,z) = (t,z) = (1 4+t + ‘Z|2)1/2

In particular, a global boundary defining function on X is given by (1 + % + |z\2)71/ ° 1

the region where y = 2/t is bounded, we may use x = 1/t and y as local coordinates.
The smooth structure on X (as a manifold with boundary) distinguishes the classical
symbols of order zero on R*™! as smooth, i.e.,

C(X) = Sa(R™),

and thus one can rephrase the definition of Diff7! (R"*!) by demanding coefficients a,, in (2.4)
satisfy

n

a, € C™(X).
We also write
Diff]!(X) = Diff2(R™),
and
Difflo" (X)) = (t, z)" Diff 2 (X).

The space Diff](X) is the universal enveloping algebra of the space of scattering vector
fields Vs(X) = 2V,(X), where x is a total boundary defining function for X and V,(X)
is the space of vector fields tangent to 0X [31, 33]. The space of scattering vector fields is
independent of the specific choice of boundary defining function and forms a Lie algebra.
The scattering tangent bundle **7T'X is the vector bundle whose sections are scattering vector

fields. If (z,y) € Ry x R™ are local coordinates on X with x a boundary defining function,
then *“T'X is locally spanned over C*°(X) by

{2%0,,20,} .
The dual bundle is the scattering cotangent bundle *°T*X and it is locally given by
dx dy
22 x|

The (total) symbol of a scattering differential operator is best understood as a function
on the doubly compactified phase space

sc . n+1
(2.7) T'X = X x R
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where 7, ( are dual to t, z respectively, and R”ng is the radial compactification of the mo-
mentum factor, or, as we will refer to it, the “fiber”, as it is the fiber of the fibration

ST X — X
We define, for m,r € R,
(2.8) ST (X)) = (t, 2) (1, ()" C(X x Rrtl)

to be the space of classical scattering symbols of order m, r, and
sC\ymT (RnJrl) — OpL (scsm,r(Rn+l>>

be the (classical) scattering pseudodifferential operators as defined by Melrose [32]. The
principal symbol map, sending Op; (a) = A to the equivalence class of a in

(29) jsc,m,r . seyymr — scsm,r (X)/scsmfl,r71<X>7
is equivalent to the mapping taking a to its restriction to the boundary of X x Rn»+1:
jsc,m,r(A) = <t7 Z>7T<T7 C>7ma‘8(X><W)'

Here 0(X x R7*1) is a union of two boundary hypersurfaces (bhs’s), which we denote
(2.10) Coo(X) = (0X x RIE) U (X x ORIEY) = 07T X.

The boundary hypersurface 9X x ]R”H is “spacetime infinity” while X x 8R”+1 is “momen-
tum” or “fiber infinity”. The functlons

(211) Pbase — <t72>71 and Pfib = <T7 C>717

are boundary defining functions for spacetime and fiber infinity respectively.
We define

A

(2.12) Nsc7m7r(A) = (t,z) 7" (T, C>_ma|ax><@,
(2.13) Osemr(A) = (t,2) 7" (T, C>7ma|X><8@'
We have that for all p € 90X x GRZ?,

Nocmr (A) (D) = s mr(A) (D) -

Note in particular that the symbol of L in equation (2.4), obtained by replacing Df D¢ by
77(*, is smooth on ST X after it is multiplied by (7, )™, and more generally the symbol
of L € Diff™" is smooth on 7" X after it is multiplied by (¢, z)~"(r, )™

2.3. Elliptic estimates. We now recall the standard notions of operator wavefront set,
elliptic set, and characteristic set for operators on the scattering calculus, which are useful
in this section as well as in comparison with the corresponding 3sc notions below.

The (scattering) operator wavefront set WF'(A4) = WF._(A) C Cy.(X) is the essential
support of the symbol a, where we recall that a & ess-supp(a) if an only if there is an open
set U C X x R with o € U such that a is Schwartz in U.

For A € *U%(X), the (scattering) elliptic set Ell(A) is defined by a € Ell(A) if and
only if os00(A)(a) # 0. For A € 0™ « € Ell(A) if and only if o4c.me(A) # 0. The
(scattering) characteristic set is the complement of the elliptic set:

Char(A) = C.o(X) \ ElI(A).
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Note that this definition of ellipticity is equivalent to the standard one in which we demand
that, in a neighborhood of o in *T" X, the principal symbol js.m,(A) is bounded below by

’jsc,m,r(A)l >c>0.

Given «a € Ell(A), the standard elliptic parametrix construction holds in the scattering
calculus, and there is B € **W~"7"(X) such that

a ¢ WF/(Id —BA) UWF'(Id — AB)
and thus we obtain the (scattering) elliptic estimates:

Proposition 2.2 (Corollary 5.5, [40]). Let A € U™ (X). Let B,G € U and assume
WF'(G) C Ell(A) and WF'(B) C EI(G). Then for any M,N € R, there is a C > 0 such
that

[1Bulls.e < C (G Aulls—m,e—r + [l -y, -21) -

2.4. Variable weight spaces. As discussed briefly at the end of Section 2.1, our Fredholm
estimates require Sobolev spaces with variable growth/decay order £, which we review briefly,
referring to Vasy [40, Sect. 3] for further properties and details. In our discussion of causal
propagators, we require only that £ depend on spacetime variables, but we discuss the general
case for completeness.

Suppose £ € C®°(*T X;R), and 0 < § < 1/2. We define a € SJ"*(RY) if a € C®(RY x
RY) and

|D$D5a| < Cog(w) el l@B)l (gym=IBl+sl(@A)l

(Vasy uses two distinct §,¢’, but this is not needed here.) Then

Ui 4(RY) = Op (S5 (RY)),

Standard symbolic constructions still work in the variable order setting, but one must work

with equivalence classes of symbols rather than with restrictions. As an example, the prin-

cipal symbol of Op; (a) € *U™4(RN) is the equivalence class [a] of a in Sy»¢/ Sy~ H20E-1+20,
A paradigmatic example of such a variable order symbol is the product

(2.14) am,e(w,0) == (w)*(O)™,

with the ¢ loses incurred by differentiation because the exponent ¢ is a function. Note that
Ape = Opp(ame) is not a classical symbol but is still globally scattering elliptic in the sense
that, for some € > 0,

lam.e(t, z,7,C)| > e(t, 28 (T, ()™,

We further note that A,, e is invertible as a map on S(X) = S(R™™!) and hence as a map
on §'(X) = §'(R"*1). We may therefore define the variable order Sobolev space H™* by

H™ = {u e S'(X): Apeu € L?}.

If £ = £(w), then Op;(ame) = (w)¢Op,({)™) and H™* = (w)ytH™ where (w)* simply
acts as a spacetime-dependent weight. It follows essentially from Arzela-Ascoli that, for any
m > m’ and £ > £ (the latter interpreted pointwise) then

m,L m'
Hsc — Hsc

is a compact inclusion.
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Operators in *W%(X) are bounded on H™*¢ and A € *W™¢ maps H™¢ — H%° so the

standard elliptic estimates still apply. In particular, we have the following generalization of
Proposition 2.2 for variable order spaces.

Proposition 2.3. Suppose A € U™ G, B € W0 satisfy
WF'(B) C Ell(G) € WF/(G) C Ell(A).
For each s, M, N € R and £ € C’OO(SCT*X), there is a constant C' so that
[Bulls,e < C(||GAuls—m e + [Jutl|-n,—ns) -

2.5. Hamiltonian flow and radial sets. Having obtained estimates on the elliptic set, we
now analyze the operator Py near its characteristic set. The estimates obtained by Vasy [40]
include both standard propagation estimates and estimates near the radial points, i.e., the
submanifold of points where the rescaled Hamilton vector field vanishes on 9T X. More
precisely, the global structure of the characteristic set is used in the compilation of the global
estimates we obtain below. In this section, we prove that the characteristic set Char(F)
is comprised of two connected components, each of which admits a source-sink structure.
The sources/sinks are the radial sets, i.e. vanishing loci of the rescaled Hamilton vector field
Therefore we must analyze the characteristic set and the Hamiltonian flow of Fy, which we

proceed to do now.
The full symbol of P, is

pt,z,7,¢) =7° = (I +m?).

The standard coordinates on phase space we write as (¢, z,7,(), so that the characteristic
set is given by

(2.15) Char(Py) = {(t,2,7,¢) : 7% — [¢|* — m? = 0}.

In open sets of the form |z|/t < C' (including for large C'), we may use coordinates
z=1/t, y=z/t, &

on *T" X. We write the canonical one-form on *T*X as

dy

T )

The Hamilton vector field is defined by

d
(2.16) Tdt—FC'dZ:fw—f—Fn' ie. wewrite (=17, T=-6-17-y.

op op op op
Hp = Eat -+ a—caz - EGT - &64 .

In the above coordinates we see that the Hamilton vector field is

1
§Hp:7'at—<'az

(2.17) = & (7(~20, —y- 0, + (1- 1)) — ¢ - (9, — ndk))
=z ((§+n-y)xde—(n—(E+n-y)y) -0y +n-(m—(E+n-y)y)ok)

It is a general fact that for a € S™"(X) with A = Op,(a), a classical scattering symbol,
one can rescale the Hamilton vector field to obtain a new vector field *H, that is tangent to
the boundary of *T" X. One can take, for example,

(2.18) “H, = (t,z) ", OO H, € V,(*T X),
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where the latter containment means exactly that *°H, extends to a smooth vector field on
ST" X and is tangent to the boundary; in particular the flow on ST X restricts to the
boundary Cs.(X) and defines a flow on there. The flow of **H, on Char(A) is what we
refer to as the bicharacteristic or Hamiltonian flow; over the spacetime interior this is the
standard formulation of the bicharacteristic flow as a homogeneous degree zero restriction
to the sphere bundle.

Remark 2.4. This tangency to the boundary in (2.18) is important in that it allows us to
extend the Hamiltonian flow to the whole of *T" X and thus to extend the propagation
of singularities estimates to infinite spacetime and/or large momenta regions. Since this
tangency is unchanged under multiplication by a positive non-vanishing prefactor, there is
some ambiguity in the definition of **H,. Moreover, multiplication by such a prefactor does
not affect the propagation estimates. We use that in regions

(2.19) 0<z<Clyl <C,

that z ~ (t,2)~!, meaning

O<c<az-(tz)<1/e,
and in such regions (t,z)~! can be replaced by x in (2.18). A similar remark holds for the
fiber variable (7, (). That is, if we define p = 1/7, u = /7, then in regions

(2.20) 0<p<Clul<C,

we have
0<c<p-(1,() <1/e,

and in such regions (7,¢)~! can be replaced by p in (2.18). It will be useful below that
lpl, || < C in a neighborhood of the characteristic set of 72 — |¢|? — m? = 0.

One can obtain a global definition of **H, which uses x* in place of (¢, z)~* and p® in place
of (r,{)* in regions (2.19) and (2.20) by choosing global boundary defining functions which
are equal to x and p respectively in those regions, but we do not make this process formal
here; we simply use powers of x and p to rescale in regions where to do so is valid.

The relationship between the commutator [A, B] ;== AB—BA and the Hamiltonian flow un-
derpins the propagation estimates in the next section. Indeed, if A = Op;(a) € *¥™ " (X)
and B = Op;(b) € *¥U™>"2(X), then

[A, B] c SC\Ijm1+m2—1,T1+T2—1<X) ,
jsc,m1+m271,r1+r271 (Z[A, B]) = <t7 Z)>7T2 <7—7 <>7m2 : SCHa<b) .

It is of course possible to phrase this relationship in terms of the scattering principal sym-
bols of A and B, our normalization of the principal symbol would then make the symbol’s
dependence on the orders explicit. The same relationship also holds if one of A or B lies
in a variable order space; the only change in this case is that the principal symbol must be
interpreted as an equivalence class of (variable order) symbols.

The radial set of H, is given by

(2.22) R := Char(Py) N*H,'(0) C 0T X .

(2.21)

The rescaled vector field *H,, is non-vanishing on the portion of Cs. X lying over the interior
of X; to locate the radial set we therefore consider it over X x Rn»+l,
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Despite the fact that &, n are dual (in the rescaled scattering sense) to x, y, it is sometimes
useful to have different coordinates on the cotangent bundle. For example in the coordinates
(x,y,T,() we have

H, = 27(-2%0, — zy - 0,) — 2( - 9,

(2.23) = —22 (720, + (C+ 1Y) - 9)

Thus, in regions with x < C\|y| < Cand 0 < p=1/7 < C,|u| = |(/7| < C, by Remark 2.4,
we have

(2.24) (1/2)*H, = —x0, — (L +y) - Oy,

This latter expression indicates how we can realize the zero locus of *°H,, as a family of radial
sinks and sources; namely, as long as t,7 > 0, we can work in the following coordinates

1 ¢ 1 ¢

(2.25) r=- w=2+4y, p==, p=-=
t T T T

to obtain

(2.26) (1/2)H, = (@/p) (~20, —w- D),

This expression indeed shows that, in {¢ > 0} N {7 > 0}, the radial set is z = 0,w = 0 in
the characteristic set, that is, in these coordinates it is exactly

RE = {(z,w,p,p) € Ry x R" x Ry x R": 2 = 0,w = 0,1 — |pu|* —m?p* = 0}

which is a smooth submanifold of *T" X intersecting the boundary p = 0 normally and is a
radial sink of the flow.

However, only the region t > 0,7 > 0 is preserved by the flow, and in that region z =
1/t and p = 1/7 are valid boundary defining functions for spacetime and fiber infinity
respectively near the radial set; in the other three regions, i.e. the other combinations of
signs in +t > 0,47 > 0, one can use analogous coordinates. For example, in ¢t < 0,7 > 0,
using —1/t and 1/7 as bdf’s, only the overall sign of the expression in (2.26) changes and
in that region the radial set is a radial source. As for the set {t = 0} U {7 = 0} where no
such decomposition holds, the latter set, {r = 0}, lying in the elliptic set of Py, is irrelevant,
whereas the former lies away from the radial sets but intersects the characteristic set; we
analyze that part only in Proposition 2.5 when we look at the global properties of Char(F).

First, though, we require some basic definitions. We define future and past causal infinity
as

W ={(t,2): t > |2]} NOX,
o=A(t,z): —t>|z|}noX,

where the closure is taken in X. Its boundary is a compressed null infinity,
St=a", S =0 .

It is “compressed” in the sense that it is lower dimensional than null infinity .#*, which
is typically n—dimensional. Null infinity can be shown to be naturally identified with the
faces introduced by blow up of S¥*, a formalism not used here but very useful in the study
of radiation fields [2, 3].
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We then define the future and past radial sets as
R =RN*T, X,
RF =RN*T,_X.

and, moreover, using that 7 = 0 does not intersect the characteristic set, we have the further
decomposition

R =RLUR,, RP=RLUR",
where
R. =R*Nn{r>m},
R =R*N{r < —m}.
From (2.26) we can already see that away from fiber infinity, the radial set has the form:
(2.27) RIN{|(1,)| < o0} = {2 =0, = —1y,7° = [¢|* + m*}.

Proposition 2.5. The characteristic set Char(Py) consists of two connected components,
Char(Py)+ = Char(Py) N {£7 > m — ¢}. On the component Char(P,),, the radial set R,

is a global sink, and RY. a global source, for the Hamiltonian flow, while on Char(Fp)_, R
is a global source, and R” a global sink. These sinks / sources are radial in the sense that
the Hamilton vector field is of the form (2.26) in neighborhoods of each sink component, and
satisfies the analogue of (2.26) with positive sign near the source components.

The projection of the radial set to the base variables is causal infinity,

(R =", n(RP) =1,

and this projection is a diffeomorphism on each component of R away from fiber infinity.

Proof. We wish to use (2.26), and the three other expressions obtained by using the other
combinations of p = +1/7,x = £1/t. First off, defining

(2.28) o =1t/(t,z), ¢, =2z/(t, z2),
we note that for §o > 0, on the region

Char(Fy) N {|¢¢| > do} we have (1,() ~ |7| and (¢, 2) ~t,

7]

where (7, () ~ |7| means there is a constant ¢ > 0 so that ¢ < g < ¢, Thus in this region,

if £,7 > 0: (1) (2.26) holds and (2) *H, = aH, where 0 < ¢ < a < C' is a smooth, bounded,
positive function. All this is to say that (2.26) and the analogous expressions for the other
sign choices p = +1/7, 2 = £1/t completely describe the behavior of *°H,, on Char([%) in
regions where |¢;| > dp. In particular, for example where ¢t > 0,7 > 0, R is a smooth radial
sink given by w = 0 = = and intersects fiber infinity (in this region where p = 0) normally.
This region contains only Ri, and the expressions in neighborhoods of the other components
are easily derived.

It remains only to show that in the set Char(Fp) N {|¢:] < do} all trajectories of the
Hamiltonian flow leave this region. As it is useful below in our definition of spacetime
weights for the causal propagators, we do this by showing that ¢, is a monotone quantity on
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FIGURE 1. The projection of the radial set R C T X to X. The dotted lines
denote the light cone, {|t| = |z|}. The forward weights satisfy £, < —1/2 in a
neighborhood ¢y and £,y > —1/2 in a neighborhood of ¢_.

the flow in regions ¢, € (—(1/v/2) + 6, (1/v/2) — §). (Note that on the spacetime boundary,
|¢] = 1/4/2 is null infinity.) Indeed,

(1/2)Hp¢r = (7(1 = &}) + 6:C - 62)

1
(t,2)
Thus on Char(FP,), in the 7 > 0 region, where 7 = \/|(|? + m?, using

(1/2)Hype = /|2 +m?(1 = ¢7) — 6]IC]]¢:]

> VI + w216 (V=6 - ).
Using that \/1 — ¢? — |¢| > (1/v/2) — || where |¢,| < 1/v/2 we have, for some ¢ > 0, that
CHyo > (1/V2) = |,

when |¢;| < 1/v/2, so ¢, is monotone increasing on the 7 > 0 component of Char(FP,), and
a similar argument shows it is decreasing on the 7 < 0 component.

Thus every trajectory eventually leaves a neighborhood of ¢, = 0, and the global structure
of Char(F) is as stated. O

2.6. Propagation of singularities in the scattering calculus. We now discuss the prop-
agation estimate away from the radial sets. Specifically, we have the standard real principal
type propagation estimates for Py, following Vasy [40, Theorem 4.4].

To make the statement cleaner, we define the following notion of control. Given sets
Uy, U, Uz C s X open, we say that U is controlled along *H, by U, through Us if for
every a € Uy NChar(F), there is a o < 0 so that the bicharacteristic y of *H,, with v(0) = «
has v(0) € Uy and ([0, 0]) C Us. In other words, each point in U; lies on a bicharacteristic
segment contained in Us that originates in Us.

Proposition 2.6. Suppose B, E,G € U and that WF'(B) is controlled along *H, by

EI(E) through EIN(G). Assume further that £ € C®(*T X) is decreasing monotonically
along the Hamiltonian flow.
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For any M, N there is C > 0 such that if Eu € H%* and GPyu € HE V4L | then Bu € HE*
and

[Bulls.e < C([[Eullse + [|GFyulls—1,e01 + [[ull-v,-ar) -

The same is true if WF'(B) is controlled along *H_, = —*H,, by ElIl(E) through EI(G) and
£ is monotone increasing along the *°H,-flow.

Remark 2.7. The differential order s may also be taken variable in this proposition, monotone
along the flow. This is irrelevant for our purposes and thus omitted. The operator Fy may
also be taken to be an element P € *U™" in which case the s — 1 on the RHS is replaced
by s —m + 1 and the £ + 1 replaced by £ — r + 1; again this is irrelevant for our purposes.

As it informs the proof of the estimates in Section 6 below, we provide a sketch of the
proof of Proposition 2.6. The proof proceeds in several steps. We first establish the following
weaker estimate by a positive commutator argument:

Lemma 2.8. Suppose B, E,G € *U°°(X), and that WF'(B) is controlled along *H, by

El(E) through EI(G), and £ € C®(*T X) is decreasing monotonically along the Hamilton-
ian flow. For any M, N, there is a C > 0 so that for all u € H%* with Pou € H V4L

|Bullse < C ([|Eullse + |GPoulls-1,601 + |Gulls—1/2,6-12 + Jull-n—a) -

The same is true if WF'(B) is controlled along —H, by EI(E) through EN(G) and £ is
monotone 1ncreasing.

Proof of Lemma 2.5. We first prove the lemma for u € S(X); a standard approximation
argument extends the result to u as in the statement of the lemma.

Our aim is to exploit the relationship (2.21) between the commutator and the Hamiltonian
flow. Indeed, given « € WF'(B) N Char(F), we construct an operator

Q= A1 03Q0 € T (X)), Qo *UN(X),
where A,y = Opy(ase) with as, the symbol defined in (2.14). We then consider

5 ([P0, Q" Qlu w) = Im(Qu, QPyu).

On the one hand, for each ¢ > 0, this quantity bounds the following from above:

1
(A 1A 101 Qou, Ay (1A 1 1QoFPou) > —4—6||Q0P0U||§_1,e+1 — €| Qoull3 -

On the other hand, we know the relationship between the principal symbol of i[Py, Q*Q)]
and the Hamiltonian flow, which we exploit to construct () symbolically. In principle, the
construction requires three cases; when a € 90X x R**! when a € X x OR"*! and when
o € 90X x OR"*1. We treat the first two cases simultaneously; the third case is handled by
including an additional boundary defining function in the definition of the symbol of Q.

Following Vasy [40, Section 4.3], we first construct gy € °S%°(X) so that qq is elliptic at
a and there are ¢ > 0 and a compact set K C Ell(e) and

2 2 2 2
— (ar%’H%qOHpCJo + qoas_;H%HpaS_%,H%) —cag gy > 0 off of K.

In a small neighborhood of o we employ coordinates gy, ..., ga(n41) On an open neighborhood
W of o contained in Ell(G)in *T" X so that *H, = 0,4, and ¢y(,+1) is a boundary defining
function. We further assume that o = (0,...,0) in this system. This is possible because
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a is on the boundary and *H,, is non-vanishing and tangent to the boundary. We suppose
that v is the integral curve of *°H, passing through o with v(0) = a and v(¢) = 3, 0 < 0.
Given open neighborhoods U of v([o,0]) and U, of 5 in W we take € > 0 so that the open
rectangles

{q3QI € (0-_676>7q2(n+1) <67|qj| <67j:27"'72n+]—})
{t:-qne(oc—€o+¢€), ) <6lgl <ej=2,....2n+1}

around 7([o,0]) and § are contained in U; and U,, respectively. Here ¢; acts as the flow
parameter and go(,41) acts as the spacetime boundary defining function; powers q2( are

spacetime weights.
We then set

o(s) = {eXp(—IiS—i— (s—e)t—(s—o+e)™) oc—e<s<e,

n+1)

0 otherwise

and let y € C°(R) be a smooth function that is identically one in a neighborhood of 0. We

finally set
g = ¢(q)X” (%) X (QQ2_1> = ox*.

For § > 0 sufficiently small, this function ¢ is supported in the rectangle above. Moreover,
the explicit definition of ¢ allows us to bound ¢ in terms of ¢’ = *H,(¢(q1)).
With ¢ = a5 ¢qo, the principal symbol of (i/2)[F, Q*Q)] is then

GHpq = al_y 1 X" + "X 0 1 1 Hya, 101

1
In the region of interest, the weight a is a non-vanishing smooth multiple of q2 (n +1), ie.,
- 1
As—1/2,+1/2 = bq2 n+1) SO

Uy LpytHpa, 141 = ?1£+11 bH,b + bqy, iliml)(k’g G(n+1)) (—HpE) -

The second term has a favorable sign as £ is decreasing along the flow, while the first term
will be controlled by the main term in the commutator.

Taking £ > 0 sufficiently large allows for the main term (arising from ¢’) to control the
others.

We now set e € *S%°(X) so that E = Op,(e); as K C Ell(E), there is thus some C' > 0
so that, with ¢ = a1 04105
(2.29) CCL27£€2 —qH,q — caigqg > 0.

The construction of gy also guarantees that WF'(Qq) C Ell(G); explicit choice of the com-
mutant Qo will also guarantee that this nonnegative quantity (2.29) above is a smooth sum
of squares.” The Garding inequality in Lemma 2.9 below then shows that

C(E"Eu,u) — <§[P07Q Qlu, u) — c(QpA seAseru u) 2 _HGUHS 1/2,6—1/2 — HUHQ—N,—M'

In other words, we have the bound
< [Po Q*Qlu,u) + c||Qoull?, S N BullZ, + 1Gull?_y 00 172+ lull v _ar-

2This allows us to avoid the use of the sharp Garding inequality here.
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Putting the two bounds together and taking e = ¢/2 yields the estimate

1Qoulls e S NGl 126172 + 1 Eullze + 1QoPoulls -y 1 + [l n —a-
O

For completeness, we include the “easy” version of the Garding inequality used in the
proof sketch above:

Lemma 2.9. If A € *U™*(X) has a nonnegative principal symbol that is a sum of squares,
i.e., there are By, ..., By, € *WU™/242( X)) with

k
O-sc,m,l(A) - Z |O-sc,m/2,€/2 (BJ) |2a
=1

and G € V(X)) satisfies WF'(A) C Ell(G), then for every M, N € R, there is a constant
C' so that for all u € H;?/M/Q,

(Au,u) > =Cl|Gullos s = Cllull®y ur-

2

Proof. This is an easy consequence of elliptic regularity, see [1] for details. [l

An inductive application of Lemma 2.8 (combined with repeated adjustments to the sup-
ports of the symbols) then establishes Proposition 2.6 for v € H%f with Pyu € H2 14+
Finally, a regularization argument finishes the proof. The regularization argument is techni-
cal and involves replacing the symbols in the proof of Lemma 2.8 with weaker approximating
symbols. As the relevant symbol classes are not used in the rest of the paper, we refer the
reader to Vasy [40, Section 4.4] and defer our discussion of regularization arguments to
Section 6 below.

2.7. Radial points estimates. We also need estimates that hold near the radial set R.
In addition to illuminating the proof for the model setting, we also must employ estimates
which hold microlocally near open subsets of R located away from C. In Section 7 below,
we establish estimates that hold in a more general setting; these are then combined with
estimates that are local on R. For simplicity, we use the radial points estimates of [40]
directly, and then show that these can easily be localized on R.

We use the radial points estimates from Vasy [40] proven for a real principal type operator
P € *U™" pear a smooth submanifold of radial points (there denoted L). Specifically,
we use the estimates in Proposition 4.12 of [40], which are the “first pass” estimates in
which the norm || Bul|,, is controlled by a norm ||Gul[s_1/2» with v € [¢ —1/2,¢). An
induction argument then removes this norm on the right hand side. We use these estimates
because they clarify how easily the estimates can be localized along the radial set. The
assumptions in Vasy’s proposition about the Hamiltonian flow of P near the radial set are
given in equation (4.12) there; these assumptions are satisfied for radial vector fields as
in equation (2.26). Vasy’s quantity § is 0 if P — P* € U272 (ie. is lower than the
expected order for real principal type operators). As Fy is self-adjoint, we do not include
that correction here.

As discussed by Vasy [40, Section 4.7], the regularity and decay orders s, ¢ can be exchanged
thanks to the symmetry in scattering analysis realized by the Fourier transform, which in
particular maps HZ! isometrically to H%®. In particular, even though the radial set in Vasy’s
notes is at fiber infinity, it is a trivial change to adapt it to our setting. In contrast with the
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propagation estimates, the positivity near radial points is due entirely to the weight (in our
case £ + %) This leads to two cases depending on the sign of the weight; we refer to these
as “above threshold” and “below threshold” estimates. We first state the above threshold
results, which bounds H2* norm of u near a component R’ of the radial set of Pp.

Proposition 2.10 (Proposition 4.11 of [40], above threshold). Let R' denote any one of the
four components of the radial set R of Py. Suppose £ is constant near R’ and that € > —1/2
there.

Let s,0' € R, (' > —1/2, ¢' € [ —1/2,£). Then there are are B,G € W% wjith
R' C EI(B) and WF'(B) C EI(G), such that: if Gu € HE Y and GPyu € HE-VAL then
Bu € H*, and for all M, N there is C > 0 such that

(2:30) 1Bulloe < C (IGPoulls 1201 + 1 Gull oy o+l v

The operators B and G in the proposition are essentially microlocal cutoffs microsupported
near R’, with B microsupported in a compact subset of the elliptic set of G. Such operators
can easily be constructed in the coordinates in (2.25) near Ri (and the analogous coordinates
near the three other components of R.) Indeed, for §; > 20y > 0 sufficiently small and ¢ > 0,
we choose smooth bump functions ¢g, @1, x> so that ¢;(s) = 1 for |s| < §;, ¢;(s) = 0 for
|s| > 260;, i =1,2, and x>.(s) =1 for s > c and x=.(s) = 0 for s < ¢/2. With these choices,
we define:

B =0p,(b), b= Xom-s(1/p)d0o(x)do(lw])do(1 — |p|* —m*p?),

with a similar construction for G:

C?::OPL<)7 9= Xom-6,(1/p)¢1(2) 1 (Jw])gr (1 — |uf* — m*p?).

Here, ¢;(1 — |u|> — m?p?) cuts off to the characteristic set, ¢;(z)®;(Jw|) to the radial set, and
X>m,5i(1/p) = X>m76¢ (7') cuts of to the 7 > 0 portion of the radial set. It is not hard to
check that, despite the presence of 1/p, b and g are smooth scattering symbols microlocalized
near the radial set. Note that

b,g c SO’0<Rn+1>,

as they are smooth functions on ST X Indeed, they are supported in a set in which all the
coordinates in (x,w, p, ) are bounded, and thus they form smooth coordinates on T X in
which x, p are boundary defining functions. In particular,

bg = 0.
The proof of such an estimate follows from a commutator argument with a commutant QQ*¢)
with @ = Op(q),
1 gl il
0= oms (5 ) enlalon(uPhon(1 ~ [ = mp)at ot
The commutator [Py, @*Q)] then has principal symbol
@ 1o g(@) 200([W)
2.31 qu:—<E—|—— - q°.
(2.31) M= (£+3) %@)!! ool[wl?)

As £ > —%, the first two terms have the same sign, which explains the absence of a term
| Eu|| on the right side of the estimate. The other term can be absorbed into the first one if
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do is sufficiently small by observing that 62|w|? < 403 on the support of ¢). The remaining
terms in the estimate arise as before.

We now localize the proposition to neighborhoods of particular closed subsets of R, al-
lowing us later to combine them with more specialized estimates. In particular, we localize
to Rﬂ: N {ly| > 0}. Indeed, as p = 0 is the only point in Ri lying above y = 0, we use
symbols as in the global radial point estimate together with an additional localizer in u. In
particular, we replace b with & = ys¢ (||)b with a similar definition for ¢ = xs¢, (|1])g-
Then, provided ¢; > 26;, we find that

ess-supp(b) C {[y| = ¢; — 200}, ess-supp(g) C {ly| = ¢} — 201}
We assume moreover that 2¢] < ¢ so that
Vg =0 and WF'(B') C EI(G).
We therefore have a family of cutoffs localized near the radial set and away from {y = 0}.
For any ¢ > 0, we can choose these operators so that
RLN{ly| > ¢} CEI(B') and {y=0}NWF(G)=2.

From the proposition above and considerations using these microlocalizers on R, we have
the following:

Proposition 2.11 (Localized above threshold estimate). Let R’ denote any one of the four
components of the radial set R of Py. Suppose £ is constant near R’ and that £ > —1/2
there.

Let s,{', M/,N € R, ¢/ > —1/2 and B',G" € *U°°(X) as above. If G'u € H V" (X)
and G'Pyu € HE Y4 then B'u € H%E Moreover, there is a constant C > 0 depending on
M,N,€ U s so that

1B'ulle < C UG Poullsern + Gl xer+ - -20)
Proof. We first show that the estimates in Proposition 2.10 hold with the B and G replaced
by B" and G'.

Thus, we assume we are given £, /', s as Proposition 2.10 and, for G’ as in the current
proposition, that G'u € Hy /*" and G'Pyu € H 71471 We wish to deduce that B'u € HEE.
Taking G as in Proposition 2.10, note that, if ) a Fourier localizer to |u > ¢| e.g.,

Q = Opp (xse(lu))o(1 = [p]* = m*p?)) € v,
for ¢ a bump function supported near 0 and x-. a localizer to |u| > ¢, then
GQu € Hssc_l/ul.

Indeed, for ¢ > 0 and ¢; > 0 sufficiently small, WF'(GQ) C EllG". )
As for GPyQu, we have that GPyQu = GQPyu + G[Py, Qlu, and G[FPy, Q]u can be made
lower order than expected because

WF' ([P, Q]) N WF'(G) = &,
which follows directly from the form of the Hamilton vector field (2.26) and the definition
of ). Hence, i
G[Py, Q] € 02

3In fact, in this case [P, Q] = 0. In the case where P, is perturbed by a lower order scattering operator
only the wavefront set containment holds.
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Thus we have, again taking c, ; sufficiently small,
(2.32) IGPoQulls1e01 < C(IG'Poulls—1,e81 + G ulls—1,0 + [ull -, -ar) -

Thus, the hypotheses of Proposition 2.10 apply to Qu, and we obtain (2.30) for u = Qu
for B as in that estimate. But then there is B’ with

WF'(B') C Ell(BQ),
obtained simply by taking ¢ > 0 sufficiently large and J, sufficiently small. We may thus use
1B'ullse < € (I1BQulloe + llull )
in combination with (2.30) and (2.32) to give (2.30) for B’ and G’. In other words, if
G'u € H V™" G'Pyu € H3-V4+1 then B'u € H5E together with the estimate
1B'ulls.e < C (1G" Poulls—v.e41 + |G ulls—1 /20 + [ull-n,-2r) -

A standard argument using induction on s in half-integer steps then finishes the proposi-
tion. 0

We similarly have the below threshold and localized below threshold estimates. Note the
presence of an additional term on the right side owing to the sign change in equation (2.31).

Proposition 2.12 (Proposition 4.11 of [40]). Let R' denote any one of the four components
of the radial set R of Py. Suppose £ is constant near R’ and that £ < —1/2 there.
Let s € R and B, E,G € **U°%(X) be such that WF'(B) \ R’ is controlled along *H,, by

11
EN(E) through EN(G). If Bu € H¢, GPyu € HE ', and Gu € Ha e 2, then Bu € H5*

sc

and, for any M, N € R, there is a constant C' so that
|Bulls,e < C (|[Bulls,e + |G Poulls—1,e41 + [|Gulls—1/2.6-1/2 + llull-n—ar) -

For the localized version of the below threshold estimate, we also introduce € = y~., (|u])e
in addition to the definitions of ¥" and ¢’ given for the localized above threshold estimate.
The proof is essentially the same as the proof of Proposition 2.11.

Proposition 2.13 (Localized below threshold estimate). Let R’ be any one of the four
components of the radial set R of Py. Suppose £ is constant near R’ and that £ < —1/2
there.

Let s, M,N € R and let B',E',G' € *U%(X) be as above. If E'v € H%t, G'Pyu €

sc 7

HE Y then B'u € HEE, and for any M, N € R, there is a constant C so that

sc

[B'ullse < C ([ E"ullse + |G Poulls—1.41 + [|ull-x.-ar) -

2.8. Weight functions, Fredholm estimates, and propagators. We now describe in
more detail how to combine the estimates of the previous sections to obtain Fredholm esti-
mates for Fy. We pass to a microlocal partition of unity subordinate to a cover of s X by
open neighborhoods of the components of the radial set R, the characteristic set Char P,
and then the elliptic set. On each of these neighborhoods, we appeal to the estimates of
previous sections. Away from the characteristic set, we appeal to elliptic estimates. Near the
characteristic set, the above threshold estimate propagates regularity from a source compo-
nent of the radial set to a small neighborhood of it; we then use the propagation estimates
to conclude regularity in a neighborhood of a sink component, which is then propagated into
the radial set by the below threshold estimate.



CAUSAL PROPAGATORS FOR THE KLEIN-GORDON EQUATION 25

As noted earlier, it is impossible to satisfy simultaneously the conditions for the above
threshold and below threshold estimates with a constant weight, so we appeal to variable
weights. Because the radial estimates have no threshold conditions in the regularity order
s, there is no need to allow variable order regularity. It is only the spacetime weight £ that
must vary, and the conditions it must satisfy are summarized in the following definition:

Definition 2.14. Let £ € C®(*T X;R). We call £ admissible if £ is monotone along the
Hamiltonian flow within each component of the characteristic set and constant near the
components of R. Moreover, we say £ is:

(1) forward if £ > —1/2 on R2. UR” and £ < —1/2 on RL. UR/

(2) backward if £ < —1/2 on RE. UR” and £ > —1/2 on R UR/

(3) Feynman if £ < —1/2 on R, UR? and £ > —1/2 on R%, UR/, and

(4) anti-Feynman if £ > —1/2 on R, UR? and £ < —1/2 on RL. UR/.
We write forward weights as £, and backward weights as £_.

Note that the four types of weight functions described here correspond to the four distin-
guished parametrices of Duistermaat—Hormander [8]. We encode which propagator we are
considering by selecting an appropriate weight for the function spaces.

In particular, a forward (resp. backward) weight function decreases (resp. increases) as t
increases, while a Feynman (resp. anti-Feynman) weight function decreases (resp. increases)
along the global Hamiltonian flow. Forward and backward weight functions distinguish the
causal (i.e., forward and backward) propagators.

For the causal propagators, the weights can be taken to be functions on spacetime (i.e.,
independent of 7, (), while the Feynman and anti-Feynman weights must be genuinely pseu-
dodifferential. We focus now on the causal propagators, but the construction in the Feynman
and anti-Feynman settings follows similar lines (though with a less explicit weight).

To construct the causal weights, we seek a function on spacetime that has the desired
monotonicity and is equal to —1/2 + € at RP/f. We therefore employ the function

t
¢t—m

from the proof of Proposition 2.5. Indeed, we show there that ¢, is monotone increasing along
the 7 > 0 component of the flow and decreasing on the 7 < 0 component. For any €, > 0,
we then let f : [—1,1] — R be any smooth, non-increasing function with f(s) = —1/2 + ¢
for s < —1/v/2+6 and f(s) = —1/2 — € for s > 1/y/2 — § and set

£(t,z) = f().
With this definition, £ is a forward weight function, and —1—2£ is a backward weight function.
We now introduce some notation for the function spaces on which we expect P, to be
Fredholm. To simplify matters, we focus on the the construction leading to the forward
propagator, but the same argument shows that the other three choices of weights lead to
Fredholm estimates. We let £, denote a forward weight function, so that —1 — £, is a
backward weight function. We recall that

X ={ue Hy*: Poue HZ V5T pofe = HOH
and Y** is equipped with the norm of H2*% whereas

Hu”is,u = ||U||§,e+ + ||P0||§—1,e++1-
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Although we do not need this fact here, the space X**+ depends only on the principal symbol
of Py and operators with the same principal symbol induce equivalent norms.

As Py : Xt — Ys—L&+1 g continuous, showing that it is Fredholm therefore reduces
to the following two estimates:

(2.33) lullse. < C (I Poulls-te1 + [lull-n-ar) .
lulli—s—1-e, < C ([ Poull—s—e, + llull-nr-arr) .
for some M, M’', N, N' are such that the inclusions H% « H N~M and HI =174+
HN=M" are compact.
We take now an open cover Oy, Os, O3, 04 of T X so that:

1) RLC Oy C{ly =—1/2+4¢€},

) RLCOyC{l=—1/2—¢},

) Chal"Po C 01 U0, UOg,

) Os is controlled along *°H,, by Oy,

)

Oz \ R is controlled along *°H,, by O3, and
( ) Oy C EH(P())

Now we take a microlocal partition of unity Id = By + By + Bs + By, B; € *0%(X) with
WF'(B;) C O;.

If u € X%, then, by assumption, the above threshold estimate applies to u near R and
so, by Proposition 2.10 (with G = Id),

(2.34) 1Brulls.e, < C ([1Poullsrep1 + [ullsm1jze)

where £ < £, and —1/2 < £ < £, on O;. Now, as Oj is controlled by O, Proposition 2.6
tells us

(2.35) IBsulls.e. < C (I Brullse. + | Poulls—1.e041 + ulls-1/2.0) -

The hypotheses for Proposition 2.12 are now fulfilled and so we obtain

(2.36) | Baulls.e. < C (I Bsulls.e. + | Poulls—1e 41 + lulls-1/20) -

Because WF'(B,) C Ell(P,), the elliptic estimates of Proposition 2.2 tell us

(2.37) |Bsuls.e, < C (||Poulls—ze, + ulls1/20) < C (|Poulls—1,e,+1 + ullso1joe) -
Because Id = B; + By + Bs + By, we then have the estimate

[ullser < C (1Poulls—1,e41 + lulls—1/20) -
1/2.8'

(
(2
(3
(4
(5
6

and the inclusion X%+ — He
To obtain the estimate

lulli—s—1-e, < C (15 1l —smer + ltll—s—1/2e)

we use the same chain of estimates, but with the roles of R? and R/ exchanged. In other
words, we propagate regularity from R/ to R? along the Hamiltonian flow in Char(FP,). Here
£ must be chosen analogously, i.e., £ < —1 — £, must also be greater than the threshold
—1/2 near R’. By the standard argument of iterating by 1/2 differential orders we replace
the —1/2 on the right by an arbitrary differential order —N and deduce (2.33). Note that the
formulation of the estimate in (2.33) with the lower order error term on the right hand side
follows from bounding the £’ term by a small factor times that £ term on the left; specifically,

is compact.
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using that for any M > 0 and ¢ > 0 there is C'(¢) > 0 such that 2=¢ < C(e)z™ + ez?, based
off which we have, for any N € R, a C' > 0 such that
(2.38) HuHH;NW < CHUHHS—CN,—M + EHUHHS—CN,—e,
so for e sufficiently small the last term can be absorbed onto the left hand side.
With these estimates, we have nearly proved Theorem 2.1:.

Proof of Theorem 2.1. The estimates above in equation (2.33) show that P, is Fredholm
between the stated spaces. Indeed, the estimates directly imply that the operators have
closed range and finite dimensional kernel. That they have finite dimensional cokernel follows
from the identification of the cokernel with the kernel of the operator on the adjoint space,
which for the forward weight £, is the backward weight —1 — £,..

The fact that F, is invertible on the stated space then follows if its kernel and cokernel
are zero. This claim follows from the energy/Gronwall argument given below in the proof of
Theorem 8.2. The cokernel of the forward problem is the kernel of a corresponding backward
problem, and vice versa, so this completes the proof.

For the statement that the inverse is the forward propagator, let f € HS 14+1 for any
forward weight £, , and assume that for some T € R,

supp f C {t > T'}.

Then the inverse mapping of (2.3) applied to f gives a solution u, to Pyu, = f with
uy € HS%. Then u, satisfies the above threshold condition near the past radial sets, and
just as with elements in the kernel, u, is Schwartz near past causal infinity. The same
energy/Gronwall argument then shows that u, is identically zero in t < T, i.e. u, is the
forward solution. O

2.9. Scattering perturbations. We finally observe that the estimates above are all sym-
bolic in nature, so the same estimates hold for any operator with the same principal symbol
and sub-principal symbol as Py. In fact, we require only that these agree at X x R" as long
as the underlying Lorentzian metric is non-trapping.

We therefore consider a “potential”

V € (t,2) " Diffl (X)
with V — V* € (t,2) "2 Diff° (X). We also allow the differential part
D} — D, D, =10,
of Py to be replaced by the wave operator for an asymptotically Minkowski metric g satisfying
g—go €S (R Sym”?),

where
12 2
go = dt” — Z dz;.
=1

We further demand that g be non-trapping, i.e., that all null geodesics of g approach .#*
(or equivalently compressed null infinity S*) in both directions along the flow. Then, with

O, = —» /|g|_18i lglg"0;, we treat the operator
Py =0,—m*-V.
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We observe that Fy and P,y have the same principal symbol at spatial infinity 0X x R»
and the structure of the Hamiltonian flow is the same as that given in Proposition 2.5.
Additionally, we note that P,y — Pry € (t,z) 7> Diff? (X), so that the same propagation and
radial point estimates over the boundary hold. The propagation estimates at fiber infinity
hold with the same proof, and so we in fact have the following theorem:

Theorem 2.15. If g is a non-trapping asymptotically Minkowski metric in the sense that
g—go €S (R Sym”?),

and V € (t,2)"' DiffL (X)) satisfies V — V* € (t, 2)"2Diff®(X), then Theorem 2.1 holds for
the operator P,y . In other words, if s € R and €5 is a forward weight, then

Pg,V . Xs,@+ ys—1,£++1

1s an iwsomorphism and its inverse is the forward propagator. The same is true when £, is
replaced by a backward weight £_, in which case the inverse is the backward propagator.

3. ASYMPTOTICALLY STATIC POTENTIALS

In this section we describe the spacetime geometry adaptations for the operator Py. For
static potentials V' = V/(z), the operator Py is not a scattering operator in the sense of
Section 2; V' fails to be smooth on the north pole and south pole of X as described below. We
therefore pass to the minimal resolution of X on which V' is smooth and thereby recognize
our operator as an element of Vasy’s many-body scattering calculus.

3.1. The resolution of X. Recall that, for the spacetime compactification X = R?jl, the
coordinates z = 1/t,y = z/t are valid up to the boundary 0.X in any region in which (z,y)
are bounded. This clarifies the failure of smoothness of V' at the point which x = 0,y = 0,
which we refer to as the “north pole” and denote NP. Indeed, there, even for Schwartz
potentials V' € S(R™), we see that V(z) = V(y/x) fails even to be continuous at NP. The
same goes for the “south pole”, SP, where the coordinates © = —1/t, y = 2/t vanish. (We

only write x = —1/t when working near SP.) We set C' = {NP,SP} C 0X. Thus
(3.1) C=0XnNn{z=0}

and

NP=0XnNn{z=0}n{t>0}, SP=0XnN{z=0}n{t>0}.
On the other hand, V' € S(R") is smooth on X \ C.
We are therefore led to consider the blow-up of C' in X equipped with the blow-down map
(3.2) Bo [ X;C) — X.

Static potentials that are Schwartz functions V = V(z) € S(R") are smooth on [X; C]."
The space [X; (] is the 3sc-single space and is a manifold with corners possessing three
boundary hypersurfaces,

fer = 5E(NP> )
i = 5 (SP),
mf = 3(0X).

4More general V must have a classical symbol expansion at infinity to be smooth on [X; .
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FIGURE 2. The blow-down map f¢ : [X;C] — X of the 3sc-single space.

Note that ff, has interior which is isomorphic to R”. In what follows, we typically restrict
our attention to ff, and write ff = ff,.

Coordinates on [X;C] can be understood in terms of those on X as follows. First off,
coordinates near the boundary of X can be taken near any point p € 0.X near which ¢t — oo,
to be

r=1/t, y=z/t

where here x is a boundary defining function (bdf) of 9X. Then in the region |z| < C, ¢t > 0,
we have the simple coordinates

r=1/t, =z

with x being a bdf of ff in this region, while near the intersection of ff Nmf, near any point
there is at least one z; for which & = 1/z; is a bdf for ff and there one can use

(3.3) E=1/m, Yi=z/a(#k), =2/t
and here g is a bdf of mf.

3.2. 3sc-differential operators. Differential operators in the 3sc-calculus are given by

(3.4) Diff5. (X) := Diff2(X) ®ce(x) C*([X; C]) .
More concretely, L € Diffy. ; if
(3.5) L= > a.DfD?,

|a|+k<m

where the coefficients ay , are smooth on the blown up space [X; C].
Using the x, z coordinates, it is easy to see that

(3.6) Py =D} — (A +m? + V(2)) € Diff5.(X).

3sc
On [X; (], general differential operators in the 3sc-calculus are simply

Diff! = (t, z)! Diff "

3sc 3sc?

which is to say we do not distinguish, in the notation, the rates of spatial decay or blow up
of coefficients at the faces ff and mf. Thus, in particular

. . 0

Diff5:, = Diff5. .
The principal symbol of the operator P, will have three components. Two of them are
inherited directly from the scattering calculus; they are localized away from C i.e. to the

region of X where V' is smooth, and are essentially the same as the scattering principal
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symbol. The other component of the principal symbol, defined only above C| is the “indicial
operator”, and is essentially the time Fourier transform of Py restricted to C.

3.3. 3sc-geometry. We now aim to describe the domain of the principal symbol of a 3sc-
differential operator.

The (radial compactification) of the three-body scattering cotangent bundle is, by defini-
tion, the pullback bundle

(3.7) ST [X;C) = BT X.

Since we are working over R"*! these bundles are trivial and thus there is a natural decom-
position

BT [X; C] = [RoH; C] x R,
The manifold with corners 37T [X; C] has three boundary hypersurfaces, namely
(38) FTRX;C), T olX: 0], and *6°[X 0,

where the latter is the “fiber” boundary of 37" X i.e. the ¥5*[X; ] = [R"*1; C] x R,
We denote the corresponding boundary defining functions as

(3.9) pg;  Pmf,  Pfib-
Moreover, we also define the total boundary defining function for the spacetime boundary
Poo = pPrpmi- As discussed in Remark 2.4, such boundary defining functions, which are

used in particular in re-weighting of symbols and distributions below, can be multiplied by
positive function without effecting the estimates in which they are used. One global choice
of pg would be (¢, z)7!, but (again see Remark 2.4), it is more convenient to assume that
Poo = =1/t
in regions 0 < x < C,|y| < C. Similarly, a global choice of pg, would be (r,¢)~!, but it is
more convenient for us to choose pgp, so that
pap = p=1/T
in regions 0 < p < C, |u| < C. We can take py¢ globally as

Pmf = <Z>71.
In our analysis using the three-body calculus, near ff we will prove estimates which are

global on the {7 = const.} subsets of phase space. Thus, following the notation of [36], we
define the vector bundle

d
(3.10) W+ = spang (—f) C Ty X.
i

Thus W+ is parametrized by 7 € R corresponding to the form —7(dz/z?), both at NP and
SP, recalling that near SP we write x = —1/t. Formally, W+ C T X is defined as the
annihilator of the subset W C *Tx X consisting of vectors arising from vector fields U = zU’
with U" € W, (X) with U’ tangent to C', where V,,(X) are the vector fields tangent to the
boundary. But the simple definition above suffices. In particular,

(3.11) W+ =RUR,

where both copies of R are parametrized by 7, one over NP and the other over SP.
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FIGURE 3. The dashed lines are the sets 85'cl(m7(7)) for 7 = 19, 7. The
common boundary of these sets is the fiber equator, fibeq.

The orthogonal projection
(3.12) T BTEX — W

with action (7,() — 7, does not extend smoothly to SCT*CX , but the closures of the fibers
771(7) are smooth submanifolds with common boundary, as depicted in Figure 3. Pulling
back to the three-body space, we have

Bolel(n (7)) = ff xcl{(7,¢)} C ff xR+l C 3T+ X,
and thus
(3.13) Baltel(r™ (1)) ~ ff xR =~ *T R",

where the equivalence is induced simply by dropping the 7. This will arise below in the
analysis of indicial operators of three-body operators, which will be 7-dependent families of
scattering operators on R™ for which +1/7 acts as semiclassical parameter.

The coincidence of the boundaries of the {7 = const.} sets in T, X will be significant,
below, as it will force the scattering symbols of indicial operators to be constant in 7. We
will denote this common boundary, the fiber equator, by fibeq, so, for fixed 7 € R,

(3.14) fibeq = 8]1%7“rl N{r=rm}C 8R”+1

This set is independent of 75 and depicted in Figure 3. See Section 4.2 for further discussion
of the role played by fibeq in quantization and as the locus of definition of the fiber symbol
of the indicial operator.

The principal symbol of an element of Diff;. (X) therefore has three pieces corresponding
to the three boundary components of 3**T[X; C]. The first two pieces are the two components
of scattering principal symbol, (2.12) and (2.13), while the new piece is called the indicial
operator. For differential operators in our context, it is the Fourier transform in time with
the dual variable 7 (dual to t) entering as a parameter. This piece of the principal symbol
then yields a parametrized family of scattering differential operators on ff ~ R,

Indeed, the components ay , of a differential operator restrict to ff to smooth functions,
and the indicial operator for L as in equation (3.5) is given by

(3.15) Ne(L)(r) = La(r) = ) (akale)7" DL

|a|+k<m
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Note that if L were a scattering operator, then the coefficients ay g would be constant at
ff. Thus, when L € Diff,,, Ng(L)(7) is translation invariant in z, and can be identified via
the Fourier tranform with its total symbol.

More generally, NH(L) (1) must be regarded as operator-valued function of 7. In particular,
as we will see in our discussion of ellipticity below, global ellipticity of a 3sc-operator is
equivalent to invertibility of all three components of the principal symbol, in particular it
requires invertibility of the indicial operator for each 7.

The 3sc-principal symbol of Py is

ssel Pv) = (035 Py), Nt (Py), Ne(Py) (7))

Here, UgSC(Pv) is the “standard” interior principal symbol, i.e. the scattering fiber principal
symbol, Ny¢(Py) is the spacetime boundary symbol and Ng(Py)(7) is the indicial operator.
Concretely, oss(Py) and Ny¢(Py) are given by (72 — [¢|2 — m?2)p2, restricted to momentum
infinity and mf, respectively. Convenient expressions for these are

T3ee(Pyv)(t, 2,7,¢) = 7 = [C]%,
while for Nmf(PV), a function defined at the spacetime boundary away from C,

Nt (Py)(y, 7, ¢) = 72 — [¢[* — m*.

These functions “match” in the sense that if you multiply by p2, they are equal as (¢, z) —
00, (1, () — 00. For our static potential V' = V/(z), the indicial operator is simply

(3.16) Ng(Py) (1) =72 — (A, +m? + V(2)).

The absence of V' in the second component of the symbol is a consequence of the assumption
that V decays in z.

In fact, as described below in Section 4.2, the components of this principal symbol must
satisfy matching conditions on the intersection of their domains. This is straightforward
for the components os..(Py) and Nmf(PV), which are restriction of functions, so matching
simply means the values of their restrictions are equal. The component NH(PV), however,
is a family of scattering operators, and the matching condition for Py is that its scattering
symbols are exactly the restrictions of ose(Py) and Nu¢(Py) to the boundary components
of phase space over the front face. This is clarified for a general 3sc-operator below. This a
generalization of the matching condition that holds for scattering symbols (2.12)-(2.13).

3.4. Asymptotically static potentials VV and generalizations. Our results apply both
to potential functions and to more general perturbations V. For potential functions, we treat
smooth functions V' which approach fixed spatial functions as t — +oo.

We assume in general that

(3.17) V =V(t,2) € pueC([X; C]; R).

Thus (recalling pmt = (2)71) these are potential functions which are smooth on the whole of
[X; C], vanish at least to order one as z — oo (i.e. at mf) and have, in general, non-vanishing
limits at ff.

In particular, we have, in regions with |z/t| < C,

V=V (2)+V'(t,z), V' =0(1/t) ast = 400
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where V. is a symbol of order —1, meaning
02V (2)] Sa (2) 7
and V' satisfies the following estimates
[OFOZV(t, 2)| Shaa (t,2) 7 M (z) 7

The estimates here are equivalent to the containment (3.17) if you assume in addition that

the V, and V' has asymptotic expansions in 1/t and (z)~!. A simple example of such a

potential is a V =V (¢, z) € C®°(Ry;; S(R™)), with V(¢,2) = Vi(z) € S(R") for +t > 0.
More generally, for complex-valued V| we assume assume that V' € p,,;C°°([X; C]; C) with

2ImV =V -V € (t,2)2C*>([X;C]; C).

This ensures in particular that the “subprincipal symbol” does not influence the threshold
weight of —1/2 that appears in Theorem 1.1. In terms of the asymptotic decomposition
above, this means that

V=Vi(z)+V'(t,2) +ilmV,
where V, and V' are as above and
1080 Tm V (t, 2)| Spa (8, 2) 2K (2) 710l

In fact, our results more generally, including to differential and pseudodifferential V' with
suitable regularity and decay hypotheses, and with an assumption on the subprincipal symbol
V' — V* which generalizes the assumption on Im V" above.

4. THE THREE-BODY SCATTERING CALCULUS FOR KLEIN-GORDON

In this section we will recall the key features of the 3sc-calculus adapted to our setting.
As noted above, our Py is not a scattering operator on the whole of RZ;’l in the sense of
Melrose, but it is a 3sc-operator in the sense of Vasy. We will now describe what that means
in detail, what the 3sc-operators and their features look like in our setting, and the basic
properties that inform our analysis.

Generally, the 3sc-calculus introduced by Vasy [36], is defined with respect to data which
includes both the total space and collision planes. In contrast with the general case, in
our setting, we have only the {z = 2y} collision planes (really lines) for zy € R" fixed,
corresponding to the points C' on the boundary at infinity.

We can summarize the main features of this introductory section to the 3sc-calculus as
follows.

e The 3sc-operators in our setting are the natural pseudodifferential generalization of
the 3sc-differential operators defined above, exactly in the standard sense that they
are quantizations of symbols whose behaviour is analogous to the behavior of the
total symbols of elements of Diff5.". These pseudodifferential operators are denotes
3semr when they have differential order m and spacetime weight order 7.

e As with Py (3.16), the principal symbols of these operators have three components.
The first two, like the scattering symbols, are local, i.e. they are functions. The third
is the indicial operator, which has both a t = +00 and a t = —oo component itself,
is defined only from data that lives over (', and like the symbol of Py for static V'
in (3.16), is a family of operators parametrized by 7, the dual variable to t. Given
A € 3°0™" and focusing, as we do below, on NP, the indicial operator is denoted
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Ng(A) = Ng,(A) (7). The principal symbol is multiplicative, in the sense that the
indicial operator of the composition of two 3sc-operator is the composition of the
indicial operators. The behavior of Ng,(A)(7) in 7 is semiclassical as 7 — £00.

e Ellipticity is still appropriately construed as invertibility of the principal symbol.
Namely, global ellipticity is exactly the assumption that the first two components
of the principal symbol (which are functions) are non-zero, and that the indicial
operator is semiclassically elliptic and invertible for all 7.

e There is also an appropriate notion of microlocal 3sc-ellipticity, and corresponding
3sc-microlocal elliptic estimates.

e As in Vasy’s treatment, we use the standard L?-based Sobolev spaces on R""!. (In
particular, we do not introduce spaces specifically adapted to the 3sc setting.) Thus,
our Sobolev spaces are exactly those used in Section 2 above. All the estimates
we state and prove are for distributions in the scattering (i.e. standard!) weighted
Sobolev spaces H2f(RiH).

Moreover, in this section we confront perhaps this most striking difference between 3sc and
sc operators, namely that general commutators of 3sc operators do not have the standard
loss of one order in comparison to composition. Namely, the analogue of (2.21) for 3sc-
operators fails. Indeed, a static, potential function V' (z) € S(R") lies in *“W*%(X) (because
it does not decay in time) and the partial derivative in a spatial coordinate 0., € Diff! (X) c
#sepl0(X) while the commutator [0.,, V] = 9.,V has no additional time decay, and thus one
concludes only that [0.,,V] € DiffS? (X) € #°¥%(X). Regarding commutators, we make
the additional point.

e As in the examples just discussed, if A € 3¢U™" and B € 3°U™2"2 then in general
[A, B] € 3scgmitma=lritra If either one of A or B satisfies a “centrality condition”,
which is essentially that Ng,(A)(7) is a function (as opposed to an operator) then
in fact [A, B] € 3sc@gmitma—lrtra=l - Tp case this centrality condition is satisfied, a
formula for the principal symbol of [A, B] is given. See Section 4.3.

Our treatment is simplified in comparison to the general case of the 3sc-calculus, in which
more complex arrangements of collision planes are treated. In particular, we present a
simplified commutator formula for the indicial operator below. More important is the fact
that in our setting, as we treat a hyperbolic operator, the characteristic set extends to fiber
infinity; we must therefore discuss the behavior of the indicial operator for large £7, and we
do so below in our treatment of the indicial operator as a semiclassical scattering operator.

4.1. 3sc-pseudodifferential operators. The space of (classical) three body scattering sym-
bols is

(4.1) BGN(X;C) = p " C (T [X;.C))

and the space of (classical) 3sc-pseudodifferential operators of order m, r is
(42) HOGT = Opy (457

by [36, Lemma 3.5], where, concretely, for a € 355™"

A=Op,(a) = / e =T (g, 2 7, C)drd(
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(This is taken as the definition of 3°U™" whereas in the cited paper the space of PsiDO’s is
defined as an appropriate set of integral on the three-scattering double space; we do not use
this latter definition directly in our work.) In the original (¢, z) coordinates, a 3sc-symbol is
a smooth function on R}F' x R} such that each seminorm

lallasear = D sup{t, 2)"(z) 7N 0) P 9F92 05 a(t, 2, 9)|

t,2,9
k+lal+]Bl<M %

is finite.

Remark 4.1. The spaces of classical scattering and 3sc-symbols can also be defined by refer-
ence to the compactified spaces. Namely, ¢S??(R"*1) are exactly the smooth functions on
the compactified scattering cotangent bundle 7" X while #¢5%0(R"+1) is exactly the smooth
functions on the compactified 3sc-cotangent bundle 3T X

To define the indicial operator, we need a lemma to the effect that a 3sc-operator defines
an operator on ff via extension and restriction to the boundary. From [36, Corollary 3.4] we
have the mapping properties for smooth functions (the differential order plays no significant
role here):

Lemma 4.2. If A € ¥°U™"(X), then
A:C®(X) — C®(X)
and
A gl O (X5 C)) — oo 7 O=([X;.C)).
We also note that sc-operators are 3sc-operators
segmr (X)) ¢ Begm(X)

since the scattering symbol estimates imply in particular the ||®||ss. 1 estimates above. (All
our operators are assumed classical throughout.)

We recall the main boundedness property for 3sc-operations, which is proven using the
standard square-root trick.

Proposition 4.3 ([36], Cor. 8.2). For A= Op;(a) € U™ and s,{ € R,
(4'3) A H:g+s,r+€(Rn+l> N H;f(R"H).
is bounded, with operator norm bounded by a seminorm ||al|as-

Having introduced the total symbols of 3sc-operators, we now consider the appropri-
ate definition of their principal symbols. Indeed, recall from Section 2.2 that for a scat-
tering operator, Op;(a) = A € *¥™!(X), the two components of the principal symbol
Jseoma(A) = (asc’m’r(A),]\AfSC,m,r(A)) are the restriction sof the function (r,{) " (t,z) "a to
the two components of 93T X.

In principal, one could define the 3sc-principal symbol of Op; (a) = A € 3*U™" to be the
restriction of a to the four components of the boundary of 3 X However, such a definition
would have the limitation that it would not be multiplicative over ff, a limitation which is
addressed by using, instead of the front face restriction, the family of indicial operators
mentioned above and described in Section 4.2 and Section 4.4 below.
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When A = Op;(a) € 3020 the symbols over mf and at fiber infinity are simply the
boundary component restrictions

Nut(A) = a

s [x50) € O (*T e [X; CY)
and

03sc(A) = a

3seg+[x;0] € COO(3SCS* [X, C]),

on in terms of the boundary defining functions in (3.9), they are the restrictions on py,s = 0
and pg, = 0, respectively. This is the 3sc generalization of the two scattering principal symbol
components (2.12)-(2.13). When A = Op;(a) € **¥™" and a needs to be re-weighted to
have boundary restrictions, then we use the boundary defining functions most suitable to
our analysis. We proceed to formalize this now.

4.2. The principal symbol and the indicial operator. Generalizing the indicial oper-
ator Ng(Py) (3.16), we describe now how A € U™ has an indicial operator Ng,(A) =
]\Afmr(A)(T), a smoothly-parametrized family of scattering operators on ff. The indicial fam-
ily is one of the three components of the total 3sc-principal symbol of A, together with the
(rescaled) restrictions of the symbol of A to mf and fiber infinity [36, Chap. 6]. The main
goals of this subsection are three-fold:

e to define the indicial family Ng , (A) and show that it is the quantization of a boundary
restriction of the symbol of A,

e to prove that NE’T(A) is in fact a semiclassical scattering operator, and to character-
ize those semiclassical scattering operators which arise as indicial operators of W
operators,

e to recall the 3sc-principal symbol js., show that it is multiplicative, and define left-
quantization on appropriate principal symbols. This is Proposition 4.8 below.

The properties of the indicial operator are simplified in our case, in comparison with the
general 3sc-calculus, due C' being zero-dimensional, and correspondingly W1 being one-
dimensional. Thus, in particular Nﬂ‘vr(A) depends on a single parameter. What we develop
here is the precise sense in the operator is semiclassical, and the precise sense in which a
special class of semiclassical scattering operators over ff can be quantized into 3sc-operators.

Also note that, while we typically work near NP for brevity, there are in fact two compo-
nents of the indicial operator corresponding to the two boundary hypersurfaces ff = ff  ff_,
and the indicial operator in fact is two separate families, one over NP and one over SP. We
often elide separate discussion of the SP component since the details are nearly identical to
that of the NP component.

Beginning with A € 3°0™0% we assume here and throughout that A = Op,(a) for a
classical symbol a. By [36, Cor. 3.4], if u € C*([X;C]) then Au € C*([X;C]). If f €
C*([X;C]) and ulg = f, we define

Aaf = (AU) |8[X;C]7

which, by Lemma 4.2, is independent of the extension u of f. In particular, identifying ff
with R, if f € S(R™), then the operator

Agf = As(f)la
is well defined.
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Choosing 75 € R, by Vasy’s work [36, Lemma 6.1],

el‘l’o/ﬁAe*’LTo/x c SSC\IJO,O

which gives the definition of the indicial operator at 7, namely:

(4.4) Nit(A)(mo) = (e™/* Ae™™/")

(In particular, Ag = Ag(0).) We write

(4.5) Ag(10) = Na(A)(7)
Given A € 3°U™" we have 2" A € 3°0™0 and define

(4.6) N, (A) (1) = 2 Ag(mo),

so in particular for A € 3¢90, A\{{,O = Ag. We also write for short
Ag,g = Nﬂg(A) .

Given A = Op;(a), we now derive a simple formula for AH,T in terms of a. Indeed in
Lemma 4.4 below we see that Aﬁ"’g is the left quantization in z of an appropriate boundary
restriction of a to ff.

Vasy [36, p. 23] shows that Ag can be obtained by restriction of the integral kernel of
A € 33U to a boundary hypersurface sfe of the scattering triple space X3..; although we
do not discuss this space in detail here, we provide an illustrative formal computation. In
particular, in the coordinates,

T = 1/t7 S = (ZL‘ - x’)/mQ, z, Y = (y - y/>/x7

the kernel of A is conormal to the diagonal S = 0,Y = 0 smoothly down to z = 0.

Au = /KA(t,z,t',z’)u(t’,z’)dt/dz'

z =Y S z =Y 1
:/KA(t,z,S/(l—xS),1_xs)u(1_$s,1_968) gt

Then defining

(4.7)

S z—Y

_ _ —(n+2)
A(I’,S,Z,Y) (1 :L‘S) KA(t7Z71_xS’ l—fES

)

on x = 0, we obtain, as in [36, Eq. 4.15]
Auly—g = Agtt|p—o = /A(O, S, z,Y)u(0,z — Y)dSdy,
which is to say that, as a Schwartz kernel,
Ag = /A(O,S, 2,Y)dS

The functions
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are also coordinates near sfc. (These are the W,, W* functions from [37].) At z = 0 we
have S =t and Z =Y. If Op,(a) = A, then, with ag(z,7,() = a|s.7, x and ao(z,2,7,() =
a(l/x,z,7,C)

Ka— / e g1, 2, 7, C)drdC
(48) _ / T o, 2,7, C)drdC
— Ay = /6it~7’+i2.caﬁ“(2,7-, ¢)drd¢dt = /eig'caff(Z,O, ¢)d¢.

Conjugating by €'™/* we then obtain:

Lemma 4.4. Let A = Op,(a) for a € ¥S™" and denote the (rescaled) restriction of a to
ft by

(49) ag ‘= (I.Ta) 3scTg X

Then Ag (7o) € U™O(R") and has kernel

(410) A\H(TO) - /ei(z_z,).ca’ff(za 70, C)dg = OpL,Z(a’ﬂ(za 70, C))7

Proof. We simply refer to [36, Chap. 6] where it is shown the formal computations given
above agree with the value of the operator. 0

We need to compute the next term in the expansion of Au(z,z) as x — 0. In terms of the
distribution A(z, S, z,Y") above, this is straightforward. Indeed, we have [36, Lemma 7.1]

(4.11) Au= Agu+ 2 ((awA)ﬁcu + Agdyu — D, Ag(0)(z - 6Zu)> +O(2?).

Here 0, A denotes the derivative of A(x,S,2,Y) (in these coordinates) restricted to z = 0,
and (4.11) is derived by simply applying 0, to (4.7) and using the chain rule. The last two
terms are computed from boundary values of A, and thus from the restricted symbol ag.
The term 0, A, however, depends on the interior values of the symbol.
If u € 27¢Cg, we set

ug = (z'u)lg

ufy = Oy (zu) g,
so that

u=z" (ug + zuf + O(2?))

as x — 0.
We also provide a more intuitive form in terms of symbols. If A = Op(a), where a =
a(x,z, o', 2 7,()

A, = Op(2"(020 + 0p @) | p=ar—0) -

In particular, if A= Opy(a), then Ag = Op (2" 0zal.=0).
Then, the expansion takes a more natural form.

Lemma 4.5. Let A= Op(a) and u € z7*C°, then
2T (Au)(z, 2) = Agug + (A;T'U/ff + (0 = 1)D-Ag(0)ug + Affu;f> + O(2?).
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Proof. We use different coordinates than Vasy, but one can check that the result is the same.
Specifically, we take
1 1 2z

S:———’Y: —_ ,
T2 x & 1—2x8

and we calculate that

,
1—az5

We can write (Au)(z, z) in these coordinates as

X

z2—2 =Y 4+2S(z-Y),2=(1-25)(z-Y).

T

2 (Au)(z, ) = / Az, 2, 8,Y)i <m (1—28)(= — Y)) dsdy
where
a(z',2) = () u(a’, ),
and the integral kernel A is given by
A = (2m)~ (D) /ewxr(l —x5)a (x, z,

with o = ST+ Y(+2S(z = Y)(.
We also set

T

g (a8 -V)nd) drdc

a’('r? Z? xl? 2/7 T? C) = xra’('r7 Z? xl? Zl? T? C) *

We have that

and
A(0,2,5,Y) = (2r)~ (D / eSTHYCE(0, 2,0, 2 = Y, 7, () dr dC .
We calculate the derivative of Au as
Op (" Au) (0, 2) = /836121(0, 2,8, Y)u(0,z —Y)dSdY
+ /21(0, 2,8, Y)(0, — S(z — Y)d.)u(0,z — Y)dSdY .
By a straight-forward calculation using integration by parts, we obtain
Op (2" Au) (0, 2) = /ei(ST+Y<) ((0r + 02)a(0, 2,0,z =Y, 7,()) u(0,z = Y)drd{ dS dY
+ (£ —1) /ei(S”YODTEL(O, 2,0,z =Y, 7,0)u(0,z — Y)drd(dSdY
+ / Y90, 2,0,2 — Y, 7,0)0,0(0, 2 = Y) dr dC dS dY
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Let Q = Op,(27"q) for ¢ € °S%°. The first term in the expansion is given by
Qi = Op.(q(0,0,0,()).
We have that 270, 2 q(z, 22) = 9,q(z, 22) + 20,q(x,x2) + O(z) and consequently
Qfr, = Op(9:4(0,0,0,¢) + 20,4(0,0,0,¢)) .

Importantly, Q&W is not a Fourier multiplier.
In the case of the free Klein—Gordon operator, we have for u € Cg° that

Pou = —(A +m?)ug — 2(A + m*)ug + O(2?).
Using this development of the indicial operator, we can now define the principal symbol
of a 3sc operator, essentially by putting the indicial operator together with the mf and

fiber infinity parts of the scattering principal symbol. Concretely, for A = Op, (a) € 30"
we have the two restrictions

Nmf,m,r(A) = <7', C>7mxTa\3scT;f[X;C] S Coo(3SCT:nf[X; C])
and
J3sc,m,r(A) = <T, C>_meTCL
and the 7-dependent family of operators

Ng . (A) € C%(R,; W™ (fF)).

B35 (X c 000(35(:5«* [)(7 C])

These three objects jointly form the 3sc-principal symbol:
Fasemr 1 STy OF(BT 1 X)) x C°(3S*[X; C)) x C°(R,; W™ ({F))
A — <U3sc,m,r<A)a Nmf,m,r<A)a Nﬁ,m,'r(A))

Note that we have dropped the inclusion of the ff_ component of the indicial operator as
otherwise the notation becomes too cumbersome.

We note that Ng,(A) is not an arbitrary element in C*(R,;*®™0(ff)). Indeed, if we
define the space of symbols

S™r (R RIE) = {a € C(RYR™) ()74l (7, ()17 D2 DI D] < oo)

(4.12)

Then ag = 2 "alg is a classical symbol, i.e. in S7°(R?; R2EY = (7, ()" C=(R? x RZEY) and

Ni-(A) € Op. (S3"(RLRYE) € C%(Re > w™(f)).
In Section 4.4 below, we discuss the consequences of the fact that the indicial operator
Ng,(A) is in fact a semiclassical-scattering operator in h = £1/7 as 7 — fo00. These are
exactly the symbols, defined for m,r, k € R, by

(4.13)

Sttresr)-(R") = {a € C¥(RE x R, x R,) : [DED;Djal S ()™ 1P 2) "I~ va, B, 5},

where h = 1/(r). In our case we often write S™"*.  (ff) as the operators we consider are

scl,sc,+1/7
more naturally viewed as functions on ff = R?. Then their quantizations are
m,r.k _ m,r.k
(414) ‘IISCI,SC;I:I/T - OpL,SCl(Sscl,sc,:tl/T)‘
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This definition admits an obvious generalization to the case that R™ is an arbitrary scat-
tering manifold is straightforward. In Proposition 4.7 below we show that for A € 3scymr,

( m,0,m
fouT(A) € ‘Ijscl,sc,:lzl/T'

We note that, for Op,(a) = A € 3™ the indicial operator Ng,(A) is equivalent
sy (Since ag(z, 7, () is the left reduction of Ng.(A)(7)). Thus
Jsse.mr(A), like the scattering symbol in Section 2, is still given by the restriction data of
the (appropriately weighted) symbol. Thus, it is automatic that the three components of
Jsse.mr(A) satisfy matching conditions at the intersections of the boundary hypersurfaces of
BT X; 0, ie. (1,8) ™ag(2,7,C), Nut.mr(a) and ogemr(a) are equal on the restriction to
their common boundaries (see (4.15).)

Conversely, we have the following proposition, which tells us that we can quantize a
3sc-principal symbol provided the appropriate matching conditions of the three symbol com-
ponents are satisfied, where again we do not include the ff_ component.

to the data ag = z7"a

Proposition 4.6. Let

(a1, a2, Ar) € CX (%S [X; C)) x CX (T X) x VI

and let Opy (ao) = A, i.e. let ag(z,7,() be the T-dependent family of symbols quantizing
A, € 5U™Y(R™). Then there is A € ¥ U™ R™) with jssemo(A) = (a1, a2, A;) if and only
if (1,¢) ™ag € C(ff xRZZl) and

a1 [sses [x,0) = Qalosess (x0T, () " aolssesz x:0] = @ sseszx,0)
<7—7 C>_ma0

This follows from the simple fact that the agreement of the functions ay, as; and (7, () ™ay
implies the existence of a function a extending all three functions; then A = Op, ((7,({)™a)
is the desired operator. Note that in this case, with ag in (4.9) that

(4.15)

3 = Qa 3
SECTH N mf [X7C} 2 SSCTH N mf [X7C}

ag = Q.
We now discuss multiplicativity of jss., using the composition theorem [36, Proposition
5.2]:

Proposition 4.7. Let A € U™ (X)) and B € 3°0™2"2(X). The composition is well-
defined as an operator

A o B c 3sc\Ilm1+m2,'r1+r2(X>
and
(A o B)a = AaBa .

Applying the latter equation to the conjugated operators in (4.4), we see that the indicial
operator of a composition is the composition of the indicial operators. Summarizing these
considerations, we obtain the basic features of the 3sc-principal symbol.

Proposition 4.8. The kernel of the mapping of the principal symbol mapping (4.12) is
exactly 35°Um=L=1 “while the image is the set of those (qi, ga, {Q+}) such that, with qq the left

reduction of Q,, we have (1,()""qy € C(ff xRZZl) and the matching condition (4.15) hold.
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Moreover, the mapping jas. is multiplicative (but not commutative): for A € U™ B ¢
3SC\I]m2,T2

j3sc,m1 +m2,r1+r2 (AB) = j3sc,m1,7"1 (A)j?asc,mg,m (B) ’

where the product denotes component wise composition (i.e. multiplication in the first two
components).

Proof. Because this is merely a statement about restriction of the symbol to boundary com-
ponents of 37T [X; C], the only parts of the proposition that require attention are: (1) the
multiplicativity of the symbol, which follows from Proposition 4.7 and (2) the statement that
the indicial family lies in W7 4, /- The latter is precisely the content of Section 4.4. [

Remark 4.9. These propositions clarify that we cannot quantize any family of semiclassical
scattering operators to be the indicial family of a 3sc-operator. In fact, the left reduction

ag(z,7,¢) of the indicial operator Ng(A)(7) is smooth on ff foZl, its fiber symbol, being

the restriction to fiber infinity on each {7 = const.} slice, is independent of 7, i.e. with fibeq
as in (3.14),

O (Nir(A) (7)) = 03:e(A) it eq € C(fF x fibea)

Here we use the 7 dependent weight
(4.16) o (Ne(A)s(7)) = (1.€) a2, 7. Ol s
Lemma 4.10. Let A € 3°U™"  then A* € 3°U™" with

Jase(AT) = Jase(A)",
meaning that

O350 (A") = m,

Nt (A7) = Ning(4),

Nig(A*) = Na(A)".

Proof. The fact that the adjoint is again a 3sc-operator is a simple consequence of the
definition via the 3sc-double space in Vasy [36, Eq. 3.13] and the principal symbol can be
easily calculated using quantized symbols. 0

Remark 4.11. Finally, we remark that in the above definitions of principal symbols, it is pos-
sible to replace (7, ()~ by any smooth boundary defining function pg, of the fiber boundary.
We used (7,¢)~! to be explicit but all factors of using a pg, which is equal to 1/7 near the
characteristic set is also useful.

4.3. Commutators. For two 3sc-operators A € 33U B € 35¢ym2r2 the commutator in
general does not decrease in order, i.e. in general [A, B] ¢ 3s¢@mitm2=Lritr2=1 For example,
if A= D, and B = f(z) for some function f € S°(R?), then [A, B] is the multiplication
operator by D, f, which is a 3sc-operator of order (0,0), since there is no decay in t.

The commutator drops in order exactly if the indicial operators commute,

[Nx(A), Ng(B)] = 0,

which is not the case in the previous example.
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Let A € U™ We say that A is in the 3sc-centralizer,
A € Z3U™" if and only if [A, B] € 3scgmtm’ —Lrar=1
for all B € @™ This is equivalent to the condition that
(4.17) N (A)(7) = £(7)1d,

for some f € C®°(W1L) (cf. Vasy [36, Lemma 6.5]).
Now, we will calculate the indicial operator of the commutator [A, B] in the case that
[Ng(A), Ng(B)] = 0. For this we calculate the Taylor expansion of [A, Blu at = 0.

Lemma 4.12. Let A € 3™ B g 3cym2r2 gnd y € CF°, then
a2 (A, Blu(z, 2) = [Ag, Ba] + x([A/ff - DTAH(O)a Bg] + [As, By — DTAH(())])UH
+ z[Ag, Bg](0,u)g + O(2?) .
Proof. We use Lemma 4.5 to see that
22 ABu(z, 2) = Ag Bgug + o (A;fBFf 4 (s — 1)D, Ag(0) By + AgBly — AHDTBff(())) g
+ 2 Ag Bgug + O(2?) .
Therefore,
[A, Blu(z, 2) = [Ag, Ba] + z([Af — D.Ag(0), Bg] + [Ag, By — DTAH(O)])uH

+x <T2DTAH(0)BE — TlDTBﬂ‘(O)Aﬁ‘> Ug
+ o[ Ag, Beluf + O(z?) .

Proposition 4.13. If A € 3W™ 1 B e 35Um272 with [Ng.,, (A), Ng,(B)] =0, then
N ryr-1([A, B))(7) = [A(7) = D+ Ag(7), Ba(7)] + [Aa(7), By(T) — D Bg(7)]
+ 79D, Ag(7)Bg(7) — 11D, B (1) Age (7) .
If @ = Op,(z7"q) for g € S°? supported in a neighborhood of NP and Py = D? — (A +

m?), then

~

Ny (i[ Py, Q]) = xTial(xir‘I”w:O = 22" (120, + (¢ + 7Y)0y) T~ "qlz=0
= 2r7qls=0 — 2(¢ + Ty)ayQ|x:0 .
At the north pole we have that

A~

Ne(i[Po, Q])Inp = 2r7¢(0,0,7,¢) — 2¢0yq(0,0,7,() .

We can recover this from Lemma 4.12 as follows: we have that

QH(T) = OpL(q(Ov Oa T, C)) )

Qi () = Op.(9,4(0,0,7,¢) + 28,4(0,0,7,¢)) ,
(Poa(r) = 72 — (A +m?),
(Po)y(r) = 0.
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Since the indicial operator of a sc-operator is a Fourier multiplier, we have that

[(PB)H(TO)a QH(TO)] =0.
We have that

Nity1(i[Po, Q))(7) = [7* = (A +m?), Q(7)] + 2r7Qu(7)
=2 OpL(CayQ(Ov 07 T, C)) + 2r7 OpL(Q(Oa 07 T, C)) :

This is a special case of the general identity
Nit.ry 4rs-1(i[A, B)(7) = Opp,(Nee(z" 7 Hy (b)) [xp)
for A= Opy(a) € U™ and B = Op(b) € *¥m>"2,

4.4. The indicial operator as a semiclassical scattering operator. Two features of
semiclassical scattering operators will be crucial in our work below, namely, we will need,
for A € 3segmr (R,
e to understand how the semiclassical scattering principal symbol of NHW(A) can be
seen as a function on certain parts of 37" [X; C], and
e to recall mapping properties of NH,T(A) on semiclassical Sobolev spaces.

The former is used in formulating ellipticity of A at oo € WL, while the latter is used
crucially in that part of the propagation estimates in Sections 6 and Section 7 below in
which the indicial operator of the relevant commutator for the free Klein-Gordon operator
Py is compared to that of Py .

For background on semiclassical analysis we refer to [7, 43]. Our work below follows more
closely the discussion of smooth semiclassical pseudodifferential operators found in [39].

We work with semiclassical-scattering PsiDO’s of order m, [, r, specifically with (classical,
smooth) elements in W™"* which are (by definition) semiclassical quantizations of symbols

scl,sc?

a € h*C>=([0,1), x S™"(R")), i.e. operators
]. ‘Z*Z/
B(h) = Opy(@) = s [ 7 ¥a(e. )

where h¥a(z, u; h) is a family of scattering symbols of order m, r that is smooth in h € [0, 1).
Given A € 3°U™" recalling ag from (4.9), the fact that, for

h=+7, pn=_/T, as 7 — +o0.
the symbol
is semiclassical can be seen by relating the radial compactification Rﬁzl to the semiclassical
symbol space by blowing up the 7 = 0 equator of 8]1%221.
Here, given A € 3°W™" the value of the principal symbol 7 = +o0 will be the semiclassical
principal symbol of Op, (ag) = Ag,(7), i.e. the function of z,u = (/7 given by the limit

m; oo pu=c/r (T, () ™ag(z,7,¢). Provided the restriction makes sense (which it does for
classical symbols) this is exactly

<7-7 <> 7mxra’h:1/7':0:z,7'>0(27 M)
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T =00

UH,

F1GURE 4. The upper half sphere UH,.

This is just the restriction to the interior of the upper half-sphere in fiber infinity over ff.
Thus, since (7,¢)"™a"a is a smooth function on the whole of T [X; C], if we define

(4.19) UH, =*S:[X; 0l Nnel({r > 0}),
we obtain the following:

Lemma 4.14. Let Op,(a) = A € ¥°U™" and ag = (z"a)|g. Then a in (4.18) lies in the
semiclassical symbol space h™™C>([0,1), x S™). Thus, Ng.(A)(T) € \I]:Zi,os?il/r7 the space
defined in (4.14).

For fixzed h = 1/19 = 0, the scattering symbol jsc’m,o(Nﬁ,r(A)(To)) satisfies

USC:m:O(NﬁJ'(A> (TO))7 = <7—07 §>7maff|ff X fibeq
Nsc,m,O(Nﬁ,r(A) (7'0)) = <7'0, C>_maﬁ‘|8ff x{r=ro}

The semiclassical symbol at h = 1/ = 0 satisfies

(4.20) 0wt h=t /= (Nig o (A)(1/1)) = (7,¢) "aglum,
and similarly for h = —1/7 and UH _.

Proof. The function ag satisfies (r,() "ag € C°(ff XRZF). In regions of the form —C' <

7 < C, the lemma asserts only that Nﬁ“yr(A) (7) = Opy .(ag(2,7,()) is a scattering operator
of order m, which follows since on each slice 7 = 0 the restriction of ag is scattering of order
m.

For regions of unbounded 7, we consider the blown up space

(4.21) L []ngl;ﬁbeq] — Rﬁzl.

In this manifold with corners, the set cl(8,/ {7 > 1}) is diffeomorphic to [0,1)/, x R/,

and thus smooth functions on the blown-up space define classical semiclassical scattering op-
erators in b = 1/7 as 7 — oo. Now, 8. ((r,() ™ao) is smooth on the whole of [R?"; fibeq]
(because pullbacks of smooth functions via a blow down map are smooth) and thus the re-
striction to 7 > 1 is smooth. But in that region (7,¢)™' ~ (u)~*(1/7), so in face 77™(u)"™ay
is smooth, which is what we wanted.

The same goes for h = —1/7 as T — —oo0, i.e. cl(B {r < —1}) =[0,1)_1/; X Ri_.,- O

scl
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Given the lemma, it makes sense to extend N (A)(7) to b = 1/7 = 0 as the semiclassical

symbol of Ng,(A) at h = 0. Indeed, we define W= to be the radial compactification of L.
Thus, over NP, it is

(4.22) R, = R, U {£oo}.
We then extend Ng,(A) to WL be defining
(4.23) N (A)(£00) = (7,¢) ™ag|vn.

This leads to a natural notion of ellipticity for A at +o00 € W<, namely that Ng,(A) be
semiclassically elliptic at A = 1/7 = 0, i.e. its semiclassical symbol is nowhere zero. See
Definition 4.18 and after.

We recall that the semiclassical Sobolev space is defined as (cf. Zworski [43, Section 8.3])

(4.24) H(R™) = {u e 8'(R") : (()*Fn({2)u) € LR},

(4.25) Julfysg = o) (PR WP de.

Here,

(Fru)(C) = /e‘“z’ou(z) dz

denotes the semiclassical Fourier transform.
Semiclassical scattering operators are bounded on semiclassical Sobolev spaces:

Proposition 4.15. If A € U™"* then extends as a bounded operator

scl,sc?

A - thm+s,7"+€ N Hs,f

scl scl °

We also recall that for semiclassical operators ellipticity implies invertibility since we can
bound the error term in the parametrix construction by the semiclassical parameter and
then use a Neumann series to show invertibility (see Zworski [43, Theorem 4.29]).

Proposition 4.16. Let A = A(h) € ™" be elliptic, then there exists hy > 0 such that for

scl,sc

all h € (0,h), A(h)™! exists as a bounded operator
A(h)_l . HS,Z BN thm—l-s,r—O—é.

scl scl

4.5. Wavefront sets and elliptic sets. We now develop an appropriate notion of operator
wavefront set in this context. We note that there are distinct notions of operator wavefront
set even in the original works on the 3sc-calculus. Given A € U™ (X), there is *“WF(A)
and ¢ WF(A), the former from Definition 9.1 of [36] and the latter from Definition 5.1 of
[37]. Both of these do not treat fiber infinity over 0.X, so our notion of wavefront set must
generalize these. Rather than recalling both in detail, we give one definition of operator
wavefront set, which we will denote by **WF(A).

First we point out the source of subtlety in the definition of operator wavefront set in this
context. We wish in particular to have a notion of wavefront set ***WF’ such that for all
A, B € 3°U we have that

(4.26) BWEF'(AB) C *“WF'(A) N **WF'(B).

The issue arises at points a € 3°T[X; (] lying over the intersection of mf and ff, that
is, a € T 2[X;C]. A natural notion of wavefront may assert that « is not in the
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wavefront set of Op; (a) = A if a vanishes to infinite order in a neighborhood of . But any
neighborhood U of a in 3T has that U ﬂ?’SCT; [X; C] is non-empty and open. But the global
nature of NH,T(A) means that the symbol of A2 is not necessarily trivial in U N3 Tg[X; C|
if a is.

To avoid this issue we essentially do not include points in mf N ff in the operator wavefront
set. Rather, as we describe in detail now, away from C' we use the scattering definition of
35°WE’ and over ff only look at 7 levels. We define

(4.27) “TX = (SCT*X \ SCT*CX> UWe,

the compactification of the compressed scattering cotangent bundle from Section 5 of [37]. In
that paper, interpreted in our context, defines the compressed scattering cotangent bundle
to be

SCTX _ (SCT*X \ scTé’X) U WL,
i.e. not compactified. This space has a mapping
(4.28) Uy D G A ¢

which is identity everywhere except on T:X where it is projection onto W+ (which is just
the mapping (7, () — 7 on the fiber.)

We now define the operator wavefront set *“WF’(A) of a 3sc-PsiDO A. We follow [37] here
as opposed to [36] here as there are two different definitions, and we indicate the difference.
Given A € #U™" ja. .. .(A) is defined as a function on the set from [36, Eq. 9.1]

(4.29) Cysc[X; C] = 5G*[X; C] U ST [X: C]UW L.

Its value on these three components are exactly the three components of s m.(A). However,
as described above, points at the boundary of 3SCT;X are problematic when considered as
part of the operator wavefront set. Thus we instead define what is effectively the locus in

soT" X which avoids those points in Cie. [X; C], namely
(4.30) Ce[ X5 C] =S5\ 0 X U™ Ty o X UWE

and use this to define both ¥**WF’ and *°Ell below.

Since 3*WEF'(A) will specify points in 7" [X; C] near which the left symbol a is rapidly
decreasing, we need a mechanism for relating subsets of Cse[X; C] to subsets of 3T [X; C].
This will work by associating ST X \ SCT*CX naturally to its image via the blow-down B¢,

while points W+ will correspond to the natural 7 slices over ff.
Thus, we define

(4.31) Yase 1 Case X C] — P(*T [X;C))

as
Yase(p) = {p} for p € S5\ X U Ty X |
Yase(T) = /351(7T¢)—1{7_} for T € WL,

Vase(F00) = UH, for +o00 € OWL .
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By abuse of notation, for a set S C Cige[X; C] we write

(432) /73SC<S> = U '735c(p) .

peS
We_used above that *S%, X U SCTZX\CX is naturally identified with SSCS[*}(;C]\H[X;C’] U
3SCTZ[X;C]\H[X : C] via the blow down map.
The topology on *T'X is that in which a neighborhood basis near o € W+ is induced

by the open neighborhoods of s (), while in *T X, open sets around boundary points are
defined as usual for radial compactifications.

For a symbol a € ™" we define the essential support 3¢ ess-supp(a) C &7 [X; C]
by declaring p € 3 ess-supp(a)¢ if and only if there exists U C 3sc [X;C] open and y €
C® (3T [X;C]) such that p € U, x|y = 1 and ya € 355~

Definition 4.17. Let A = Op;(a) € 3°U™"(X). The operator wavefront set
FWE'(A) C Cee[ X5 ]
is defined as follows: a point p € Cie[X: C] is not in the wavefront set,
p € ®WF'(A)° if and only if Y34 (p) N ** ess-supp(a) = & .
Moreover, we define
WEFg,(A) = ¥WF'(A) N*S% o X,
WEF £ (A) =5 WF'(A) N *Tyx\ o X ,
WFy(A) = 3WF/(A) n WL,
We can write the complements of each of the components as
WFg,(A)¢ = {a € S X: U C*Sx\ X open such that a € U
and a(A) vanishes to infinite order on U},
WF! (A = {a € SCT:;X\CX: U C SCT:;X\CX open such that a € U
and a(A) vanishes to infinite order on U},
WFg(A) = {r € W*: 3 e > 0 such that a(A) vanishes to
infinite order on B~ ()7 r — €, 7 + €]}
U{zo0 : Jopen U C 9*T [X;C] such that UHy C U
and a(A) vanishes to infinite order on U}.

Now we define the elliptic sets. Over mf and fiber infinity, the definition of ellipticity is
exactly as in the standard scattering case, i.e. non-vanishing (or, for operators acting on
sections of vector bundles, invertibility) of the principal symbol. Over ff in W+, the correct
notation of ellipticity is invertibility between appropriate scattering Sobolev spaces.

To define the elliptic set, we note that the two components of the symbol s m(A4) and

Nunt.m.r(A) define, by restriction, functions on * X and SCTEX\CX , respectively.
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Definition 4.18. Let A € 3°0™". The 3sc-elliptic set 3°Ell(A) (whose m,r dependence is
suppressed from the notation) is

3CEI(A) = Ellgy (A) U Ellye(A) U Ellg(A) C Cae[ X C]

with
Ellg, (A) = {o € “ Sk o Xt 03se,mr(A) (@) # 0},
Ell(A) = {a € SCTZX\CX: Ningmr (A) () # 0},
while

Ellg(A) = {7 € Wt: Ng,(A)(7) is scattering elliptic and invertible}
U{too € oW+ . Osse.mr(A) is nowhere vanishing on UH }.

Moreover, we set
(4.33) 3¢ Char(A) == Cag[X; C] \ *ElI(A),
the 3sc-characteristic set of A.

Note that it makes sense to speak of invertibility of scattering elliptic operators. Indeed,
if B € U™ is (scattering) elliptic then B: H™+sm+t — H3t is Fredholm. By scattering
ellipticity, its kernel and cokernel consist of Schwartz functions, and therefore the invertibility
of this Fredholm mapping is independent of s, ¢, i.e. if it is invertible for any s, ¢ then it is
invertible for all s, /. Thus, we say a (globally) elliptic, scattering operator B € U™’ ig
“invertible” if any (and thus all) of these Fredholm operators is invertible.

We now describe in more detail the significance of 7y € Ellg(A) and £00 € Ellg(A). For the
former, we first consider the assumption that Ng,.(A)(7) is scattering elliptic. Recall that
if Op,(a) = A, then Ng,(A)(r) = Opy.(ag) (4.10). Our discussion of symbols in Section
4.2 allows us to identify the scattering principal symbol of Aﬁ‘7r(7—) with the appropriate
boundary restrictions of a; following Remark 4.9, choosing 7—dependent defining function
we have

Jsem,0(Agi(T0)) = ((T, Q)" | x fibeas (T C) "t [sseTr, - frmro})-

Thus if 79 € Ellg(A) then these two components are nowhere vanishing, and the scattering
operator Ng,(A)(7o) is invertible.

As for the condition 400 € Ellg(A) (the — case is similar) this is equivalent to Ng . (A)
being semiclassically elliptic as 7 = 1/h — +o00. Indeed, we have (7, () ™z"a is invertible
on the whole of UH,. For A € ™" the indicial operator Ng,(A)(7) is a semiclassical
scattering PsiDO with semiclassical principal symbols at 7 = £00, so ellipticity at +o00 € wi
(over ff,) is exactly the condition that

A

Osam(Ner(A)) = 2™(7,¢) "alun,

is nowhere vanishing.
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4.6. Elliptic regularity. We have the following microlocal parametrix theorem, which ex-
tends Lemma 9.3 and Remark 9.4 from Vasy [36] to include fiber infinity.

Proposition 4.19. Let A € U™ (X) and K C *Ell(A) be compact. Then there exists
G € 3U—™""(X) such that

KN*WF'(AG —1d) = KN*™*WF(GA-1d) = @.

Proof. We include only the construction for 400 € W. L

Let 400 € Ellg(A). Let ag = z"alg, so ag € (1,{)™C>(ff XRZZI)- The ellipticity condi-
tion at 400 is exactly that (7, ()™ ag|vm, is invertible. This implies that Ag (1) is invertible
for sufficiently large 7 > 7y for 79 > 0 fixed by Proposition 4.16. We will show that one can
quantize AH(T)_l to a 3sc operator, and use this to perform a parametrix construction for

A near +o00 € WH.
Let UH, C U C U’ where U,U’ are open sets such that: (1) (7,()™ag is invertible on

U’ and (2) there exists y € C>(ff XRZF) with x|y = 1 and suppx C U’. (The second
condition is easily achievable since UH is an embedded p-submanifold of ff xangl).) One
can, in particular, arrange that x = x(7,() (since UH, = ff x{7 > 0} N GRZF)) and that
x(7) =1 for 7 > 7 for some fixed 75. Then

X' € (r. Q) CN(E XEL),

—m,0,—m

and thus OpLyz(Xa;fl) SN
q(xagz'ag — 1) = 0 and thus
1\ 4 —1,0,—1
OpL,z(q)<OpL,z(Xaffl)Affﬂ" - 1) S qjscl,sc,:l:l/‘r
The preceding is the first step in a semiclassical-scattering parametrix construction which
yields g € (1, ()™ C>(ff xRZZl), such that
Opy-(4)(Opy - (9) A — 1) € W0
Indeed, following the standard elliptic parametrix construction, if gy has
E = Opy,.()(Opy..(gx) A, — 1) € U000

then one can solve —byag = 0sc1sc,—no,—n(E) on the support of x and then take a Borel sum
to obtain g.
Letting x,, € C*(R) have x,,(7) =1 for 7 > 75 + 1 and supp x., C [0, 00), then

Moreover, if ¢ € C(ff XRZF) has suppq C U, then

~

K(r) = xn(7) (Ag} = OpL.(3)) € WL3057

(This follows from the argument [30] used in the proof of Corollary 4.21, where one compares
the parametrix and actual operator and shows they differ by a residual operator.) But this
implies that

(1= Xn)G + X (T)ag" € (7, Q)™ C=(H xRIEY),

Indeed, this follows since g € (r, ()" C>®(ff XRZZI) and X, (T)ag' — § is order —oo0, 0, —oo.
Thus

A ~ — —m,0,—m
G = (1 - XTO) OpL,z(g) + Xo <T>Aff,%" € \Ijscl,SC,:tl/ﬂ
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and
G —Op;.(9) € Y Ty -

To quantize this G to a full 3sc-PsiDO, we need to prescribe matching values on the other
faces 3*T&[X; C] and mf of 3T [ X; C], but this is easily done. Indeed, the symbols of G,
Op;..(g9), and ag' agree at fiber UH, (meaning concretely that when multiplied by (7, ()™
they restrict to the same function there) and thus in a sufficiently small neighborhoods
V C V' of UH, in *Tg[X;C] U mf one can choose another cutoff ' which is 1 on V and
supported in V', and let g = yag' on V. Then this g matches the principal symbol of G and
thus there is a smooth function which we also call g on the whole of T [X; C] such that
Op.(z7"g) = G € 3T and: (1) g =agz' on V, Gg(t) = G() = A7 () for 7 > 7.

Thus for @ € 3W%%0 close to UH .,

E=Q(GA 1) ¥yt
This is the first step in a parametrix construction which produces a residual error. In-
deed, to find G| € 3¢W—m"L="=1 gych that G1A + E € 3°0~27272 near UH,, one solves
(GAl)ff,_r_lAffyr = Eﬁ7_1, ie. (GAl)H‘7_7‘_1 = Eff’_lflf_f;, for 7 > 719. We have already seen
—00,0,—00 —m,0,—m

11 . . . . .
that AH,T, can be approximated in \Ilsd,sq 1) by an operator in \I/SCLSQ 41/, SO again using

the ellipticity on near UH, on the other bhs’s of *“T [X;C], we have Gy. The inductive
construction of the higher order approximations is standard. 0

From the elliptic parametrix construction we obtain elliptic estimates. We now record
these estimates and use them to discuss an important application to a specific globally
elliptic 3sc-operator.

Proposition 4.20. Let u € 8" and A € V™", Let B,Q € 3000  [f 3WF'(B) C
BCEI(A) N*CEN(Q'), then Q' Au € HE ™" implies Bu € H2t, and for any M, N € R there
1s C' > 0 such that

1Bulls.e < C (|Q Aulls—m e~ + [l -v.-1) -

Proof. This follows from the standard argument using the mapping property in Proposition
4.3. Namely, Let G be as in Proposition 4.20 with respect to K = 3“WF'(B). Then

[Bullse < [(GA = I)Bul|se + |GABul|s
< [(GA = I)Bulls, + |G(Id —Q)ABulls + [|GQ"ABul|s,,
< C(1Q Al smm e—r + lull -, -ar) -
where we used Proposition 4.3 and (4.26). O

Thus an operator A € W™ that is globally elliptic satisfies the (global) elliptic estimate,
namely that for any M, N € R, there is C' > 0 such that,

(4.34) [ulls.e < CU AUl sm e—r + lull-x-ar)-

In particular, as have now established, there are global parametrices G, G’ € 3¢W~™~" such
that

(4.35) GA—I,AG — T € ¥y,

We use these parametrices in the corollary below.



52 D. BASKIN, M. DOLL, AND J. GELL-REDMAN

In order to define microlocalizers over ff, we will need an operator which is globally elliptic
and commutes with Py,. To accomplish this, we switch the signs in Py, to make it elliptic;
that is, we consider, for £ > 0,

(4.36) D} + Hy, + E

We will use the inverse of this operator below to define such microlocalizers in Section 5.1.
Specifically, we will need:

Corollary 4.21. The operator D} + Hy, + E is invertible for some E > 0, and
(D} + Hy, + E)™' € X0 2R,
Proof. The operator D? + Hy, + E is elliptic on mf and fiber infinity for any £ > 0. The
indicial operator is
7+ Hy, + E
and this operator is invertible for all 7 for F sufficiently large. Indeed, all negative elements

in the spectrum of A, + Vj(z) are eigenvalues. This means that for —E < 0 in the spectrum
of A, +m? +Vj, there exists w € L*(R") such that

(Hy, + E)w(z) = 0.

But then by scattering ellipticity of Hy, + E, w € §. On the other hand, for all Schwartz
w,we can integrate by parts to obtain

(A, +m® + Vp)w,w) = /]VZw\Q + (Vow,w) + (m? + E)|w(2)|*dz.

Since (Vow,w) > —e/2|Vow|* — (1/2¢)|w|* and we can bound |[Vow| < C(|V.w|* + |w|?), we
obtain a lower bound, for € > 0 sufficiently small and E sufficiently large,

1
(B4 + Vo + Byw,w) > / Vowl? + (m? + B)w(z)dz > 0

for all Schwartz w. Thus for E sufficiently large, Ng(D? + Hy, + E)(7) is invertible for all
7, hence D? + Hy, + E is globally 3sc-elliptic.

On the other hand, by the same integration by parts argument, D? + Hy, + E is positive
for E sufficiently large, hence is invertible.

To show that (D? + Hy, + E)~! € 3029 we employ an argument from [30]. Namely, by
global ellipticity, we have parametrices G, G’ for (D? + Hy, + E)~! as in (4.35), and writing
G(D?+ Hy, + E) — I = K and (D? + Hy, + E)G' — I = K’ we obtain

(D? + Hy, + BE)™' = (G(D? + Hy, + E) + K)(D? + Hy, + E)"'((D? + Hy, + E)G' + K')
=G((D} + Hy, + E)YG' + K') + KG'K' + K(D} + Hy, + E) 'K,

Since for any operator L: & — &' we have 350 —0%7% ¢ [, o 35¢=00,700 ( 3SCJ—00,700  hig
and the composition properties for 3sc-PsiDOs show that the right hand side above lies in
3seg=20 which is what we wanted. U
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5. FUNCTIONAL CALCULUS, COMMUTATORS, AND SPECIAL SYMBOL CLASSES

As discussed in the introduction, our localizers near ff include functions of the limiting
static operator Py, which act as microlocalizers to the characteristic set. Indeed, from
Section 4.3, we recall that (-dependence in the indicial operator can lead to failure of the
basic commutator order relations. Thus, again following Vasy, our commutant will be locally
a composition of an operator whose symbol is purely 7-dependent over C' composed with a
function of the operator Py, . To prepare for this, in this section, for static V{, we wish to
consider functions of Py,.

However, we must take special care in defining these functions, as it is not automatic that
a function of a differential operator of positive order is pseudodifferential. As a cautionary
example, consider the free Hamiltonian function p = 72 — |¢|> — m?. This is a classical
symbol, but, for ¢» € C°(R) with ¢(0) = 1, the composition ¢ (p) is not a symbol, in fact
D¥(1)(p)) grows to order k as 7 goes to infinity along the characteristic set. Correspondingly,
¥ (Py) is not a pseudodifferential operator of any order.

To handle this issue we consider instead the normalization of p in which we divide essen-
tially by (7,¢)? to make an order 0 classical symbol. Consider, for E > 0, the operator

(5.1) Gyo =0 (D} + D, D, +m*+ E)'R),
which is the Fourier multiplier for the function
72 |2 — m? P
5:2) () = (s )
T2+ |CP+m2+ B T2+ |(P+mP+ B

This Gy, depends on E; the value of which is fixed such that the operator in (4.36) is
invertible. Since the ratio p/(r2+4 |C|> +m? + E) is a smooth function on the whole of *T" X,
its composition with 1) is as well. Thus we have

G¢ 0 € SC\IIO’O(X) .

)

5.1. Functional calculus. In this section, we construct the operator G as an element in
the 3-scattering calculus. We will construct the functional calculus for general self-adjoint
3se0.0_gperators.

Our main result is a generalization of Proposition 10.2 [36], which relates to functions of
a many-body Hamiltonian H. For such H, one obtains that for ¢ € C°(R),

w(H> c ?)sc:\ll—oo,o7

while in contrast, we see from the example of G, that we do not expect smoothing operator
when taking functions of the Klein-Gordon operator. We will apply the following proposition
to functions of (D? + Hy, + E)~' Py, in Definition 5.6 below.

Proposition 5.1. Let 1 € C°(R) and A € 300 be self-adjoint. Then
B(A) € Feg0o
and its principal symbol satisfies jasc(V(A)) = V¥ (Jssc(A)), meaning
(53)  03c(V(A) = V(03:e(A)),  Nut($(A)) = (Nae(A)),  Na(1(A4)) = (Nig(A))

Remark 5.2. Since operators in **W%% are bounded on L?, the assumption that A is self-
adjoint is equivalent to A being symmetric.

We start by recalling the results for the scattering calculus.
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Lemma 5.3. Let A € *WO%(R"™) be self-adjoint. For each k € N there exists a family of
order k parametrices By(z) € *UY0(R") for z € C\ R such that

(A= 2)By(z) —Id = Ry, € *U " FR"),

Bp(2)(A—2) —Id = R, € U~ FR")

and the seminorms of order k of B, Ry ,, Ra . are bounded by Cj|Im z\_c(k).

Proof. The proof is the same as [36, Lemma 10.1]. The crucial point is that the principal
symbol of A— 2z is js.(A) — z and since A is self-adjoint, js.(A) is real and therefore ji.(A) — =z
is invertible for z € C \ R. O

Proposition 5.4. Let A € *W%(R") be self-adjoint and ¢ € C(R). Then
v(4) € IR
with principal symbol
Jse($(A)) = ¥ (Jsc(A)) -

Proof. The proof is the same as Proposition 10.2 in Vasy [36], but using the above lemma
for the parametrix. Namely, we use the Helffer-Sjostrand formula to define

1 .
v(4) = o= /021/1(2)(14 ) ldndz,
where 9 is a compactly supported almost analytic extension of 1. Then we define
Ay j = —% /@zﬁ(z)Bk(z) dz Ndz,
where By(z) is the k-th order parametrix of A — z as in the previous lemma. We can use
asymptotic summation to obtain a limit A, of Ay, and we conclude that
P(A) — Ay C™® — C™
and the formula for the principal symbol follows from the explicit form of ¥(A). O

Now, we turn to the case of A € W%, We will an analogous argument and therefore we
start by constructing a parametrix for A — z.

Lemma 5.5. Let A € 3°0%0(X) be self-adjoint. For each k € N there exists a family of
order k parametrices B, € 3°U%0(X) for z € C\ R such that

(A—2)By(z) — Id = Ryx(2) € ¥ H(X),
Bi(2)(A — 2) — Id = Ry (2) € * U F(X)
and the seminorms of order k of By(2), Rix(2), Rax(2) are bounded by Cy|Im z[ =™,

Proof. To begin with, we claim that, for 2 € C\ R, that A — z is globally 3sc-elliptic. Indeed,
by self-adjointness, o3(A) and Nyg(A) are real valued, so oge(A) — z and Nye(A) — 2
are non-zero. Moreover, Ng(A)(T) € *WOO(ff) is self-adjoint by Lemma 4.10, and thus
Ng(A — 2)(1) = Ng(A)(7) — z is invertible for z € C\ R.

The triple

A

((730e(4) = 2070, (N(4) = 2)71, (N(A)(7) — 2) )
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satisfies the conditions of Proposition 4.6 and we find a symbol by (z) € C®(*T X) such
that

Jaee(b1(2)) = ((35e(A) = 2)7%, (Noue(4) = 2)7, (Ne(A)(7) = 2)7") -
Therefore, we can quantize b;(z) to an operator Op, (b;(2)) = Bi(z) € 300 satisfying
(A—2)Bi(2) —Id = Ry 1(2),

Bi(2)(A—2) —1d = Ry1(2)

with Ry 1(z), Ro1(2) € ¥¥~171(X) and by the chain rule By(z), Ry 1(2), Ra1(2) satisfy the
seminorm bounds.

Define

Bi(z) = (Id+ i R{J) Bi(2),

J=1

B(z) = Bi(2) (Id + i R;'J) .
_ O

Proof of Proposition 5.1. Let ¢ € C°(C) be an almost analytic extension of ¢. By the
Helffer-Sjostrand formula, we have that

/ &m “LdzNdz.
o

Denote by By(z) a family of order k parametrices as in the previous lemma and define the
operator Ay ; by

1 = 7 _
Aprp = —%/C@Zw(z)Bk(z) dz Ndz.

Since 1) is compactly supported, we have that A, € *°¥%0(X) for all k. Denote the error
term by Fj(z) = (A — 2)~' — Bi(z). We have that |Im z|¢*) F(2) is uniformly bounded on
B(HY(X), HsHR4F (X)) for some (k) by the previous lemma and Proposition 4.3. Hence,

(5.4) W(A) — Ay € BHE(X), HEHH(X)).
Also we have that
Aprst — Ay € Bseg— (k) =(b+1) ()
By a standard asymptotic summation argument, we obtain qu € 3000 such that

Ay~ Api+ ) Aggpr — Agre.
k=1

By (5.4), we have that
Y(A) = Ay C7%(X) — C%(X)
is continuous, hence an element in S°W 2%~ (X) = 3¢y ~>=°°(X') and therefore

Y(4) € S TO(X).
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We calculate the principal symbol as

1

(A) =~ [ 00 (4= 2) Y s
1 _ o~
= —— | 0.0(2)(Jssc(A) — 2) " dz N dz
271 C
= P (Jasc(A4)) -
Note that for the Nﬂc—component, we have used Proposition 5.4. 0

Now, we are able to define the operator G,. We fix EF > 0 such that D? + Hy, + F is
invertible (see Corollary 4.21).

Definition 5.6. For ¢ € C°(R) and V, € S~H(R?), we set
(5.5) Gy =9 ((D} + Hy, + E)"'Py,) .

Remark 5.7. The operator G, depends on V; explicitly, but we drop this from the notation
as it causes no confusion; when we work near NP, Gy, is defined with V, = V; and when we
work near SP, Gy, is defined with V, = V_. We do not use Gy, away from C.

From Proposition 5.1 it follows that G, € *W%%(X) with indicial operator

(5.6) Ni(Gy)(r) = ¢ (7 + Hy, + E)™'(r* = Hy,)) -

Moreover, both the fiber and mf components of the symbol of G, are independent of V.
Indeed, by the assumptions in Section 3.4, we have V|, = 0, so since V' € 3°U%0 we have

(X R ACK Y (R T Y 17
T2+ P+ m? + E ) asix 72 + |2
ST 1t [X5C]

(5.5) Nu(Gy) = ( P )

T2+ [P+ m2+ E

It will be crucial below that, although G, is not smoothing, its indicial operator is smooth-
ing for each 7. This makes it possible to compose G, with quantizations of functions of 7
alone; an arbitrary composition of even a compactly supported function of 7 and a symbol
in 7, ¢ is not necessarily a PsiDO. On the other hand, we see from Gy above that we expect

Nﬁ(Gw) to have symbol rapidly decaying as |(| — oo, and indeed it does.
Proposition 5.8. We have that
Na(Gy) € w2500

scl,sc

Proof. We can use the functional calculus for positive self-adjoint scattering operators of
order (m,0), [36, Proposition 10.2] applied to the function, for £ > 0, 1/?(t) =((1?2 +t +
E)~'(7% —t))." Then, for every fixed 7, Ng(Gy)() € T °9(R"). Since ¢ is smooth in
h =1/7 up to h = 0, the assertion follows. O

SStrictly speaking this is not a smooth function on R, but since the spectrum of Hy;, is bounded from
below by E we can change % to a smooth function without changing (Hy;)
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Since Vj is static, D? + Hy, and D? — Hy, commute and therefore
(5.9) Gy, Pyy) =0.
Consequently,
Gy, Pv] = =[Gy, V'] € ®ub

which means that G, and Py, commute to leading order.
The indicial operators of Gy, and Gy, which the Fourier multiplier defined by (5.1), differ
by a lower order operator:

Lemma 5.9. We have that
(Go)a — (Guo)w € Tgo vt

scl,sc

Proof. We have that
(Gola(r) = v (7% + Hy, + B) 7 (r* = Hy,)) -
By [36, Proposition 10.3] and the fact that je20(Hy,) = Jse2.0(Ho), we have that

oo (G)a()) = e (Gro)e(7)

The semiclassical principal symbol is given by

Greneyje (Gol) = v ((1+R28)7 (1= k) .

which is independent of V' and therefore agrees with the semiclassical principal symbol of
G%o. L]

Next, we prove the “shrinking window” lemma that states that if we choose ¢ € Cg°
supported in a sufficiently small neighborhood of 0, then the operator norm of Ng(Gy)(7) is
arbitrary small considered when considered as a map Hsl(,jll — L2, This lemma is crucial in
proving the positive commutator estimate, because we can control the error terms coming

from commutators with the potential.

Lemma 5.10. Assuming the spectrum of Hy, is purely absolutely continuous near [m?, 0o),
then there is § > 0, such that, for every e > 0 there exists o > 0 such that if 1p € C>°(R) has
supp® C (—o,0) and 0 < ¢ < 1, then

Hﬂ[m?—&,-&-oo)(T)fo(GdJ)(T) © LHB(HSlC’ll,L?) <€

1,1 , , ,
where v: HJj < L* is the natural inclusion map.

Remark 5.11. The same statement holds true for (—oo, —m? + 4.

Proof. First, let k > m? be fixed; we claim that there 1 as in the lemma such that for
7 € [m? — 4, k|, that

Ng(Gy)(r)or: HY — L*

scl

has mapping norm less than e. To see this, recall that from Proposition 4.15 we have NH(Gw)
bounded on L? uniformly in 7. Since ¢: H2/(ff) < L*(ff) is compact, it suffices to show
that for any sequence of ¢, € C*(R) with ¢,(s) = 1 for |s| < 1/n and 0 < ¢, < 1, that
Nﬁ(Gwn) — 0 in the strong operator topology on L? uniformly for 7 € [m?* — ¢, x]. This
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in turn follows from continuous functional calculus, specifically from (5.6), which identifies

Ng(Gy,) with 1, of
(7-2 + HVO + E)il(Tz - HVO) = (1 + p2HVo + pQE)il(l - szV0>:

which has purely absolutely continuous spectrum in a neighborhood of 0 by assumption.
On the other hand, the difference with the free operator satisfies

(5.10) (7% + Hy, + B)7H(r* = Hy,) = (7 + Ho + BE)7 (7" = Hp) € U .,

scl,sc

and for any ¢ > 0 there is £ > 0 such that this difference has norm < € for 7 > k. Again
functional calculus gives that Gy (7) — Gy, (7) has norm less then €. But Gy, (7) can be seen
to satisfy the conclusion of the lemma explicitly, so the lemma follows for G.

If ¢ satisfies ¥yp = 1), then also

(5.11) GGy = Gy,
and thus the bound holds for all such NH(GJ}) and the lemma is proven. O

5.2. Further elliptic regularity near C. If Pyu € H2‘ then away from C, then on
3Ell(Py) we have the estimates in Section 4.6. At C, frequency localization becomes global
in the interaction variables, and, as discussed in above, we use Gy to localize near the

characteristic set. Thus, for ¢ € C'2° with ¢(s) =1 for |s| < J, § > 0, the operator
Id -Gy,

is morally speaking a localizer to an elliptic region over NP (or SP). Indeed, for Py with
V' non-static, if @) is a localizer to a neighborhood of SCT;PX and Gy, is defined using V.,
then Q(Id —Gy) is a reasonable generalization of localization to the elliptic set from the sc
setting.

Thus we expect to have an elliptic regularity statement using Id —G;, and such a statement
will be crucial below as all the propagation estimates are proven first using commutators
which have factors of Gy, to localize to the characteristic set. Specifically, if Pyu € HS* then
we should have (Id —Gy)u € H:M* as well, at least locally near poles. That is what we
prove in this section.

We do so with a parametrix construction Note first that for static V' = 1}, we have

(5.12) E,Py, =1d -Gy
on the nose, since, if
we can set
_ 2 1 . . 1 —1(s)
Fiﬁ_fiﬁ((Dt +HV0+E) PVO) with fl/)(s)_T'

This definition of F,, makes sense as a bounded operator on L? by continuous functional
calculus since (D? + Hy, + E)™'Py, € 0% is a bounded symmetric operator. Note that
fy is not compactly supported, so the results of Section 5 do not apply directly.

If we knew that E; € 3°0U~20 then we would immediately have estimates. That is the
purpose of the following lemma.
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Lemma 5.12. Let ¢ € CX(R) with ¥(s) = 1 for |s| < §. Then there is xnp € C®(X)
supported sufficiently close to NP and

E1/J c 350\1,72,0

such that
XNP ° (EwPV — (Id —G¢>> € 350\1’700’700.

The analogous statement holds near SP, see Remark 5.7.

The lemma gives estimates:

Corollary 5.13. Let s,{ € R, ¢ € C2(R) with 1(s) =1 for |s| < J. Let Q,G € W00, [f
BCWE/(Q) C Ell(xxp) N *EI(G), then

1QUd =Gy)ulls20 S NGPvullse + llull .-,

with the left hand side being finite if the right hand side is finite.
The analogous statement holds near SP, see Remark 5.7.

Proof of corollary from lemma. This follows exactly as in elliptic estimates, namely from
Lemma 5.12, we have

QU =Gy)ullsrae S | @xnp(Id =Gy)ul|sioe + [Jul|—n—m
S 1QxNp By Prullsiar + ||ull-n, -
S NGPyullse + |lull-n, -

where the last line uses the boundedness properties of QxxpEy € W20, O
Now we prove the lemma.

Proof. 1t is more convenient to work with F, as its symbols will be defined using functional
calculus of bounded operators. Thus we seek Fy € 3500 with

xxp - (Fpo (Df + Hy, + E)"'Py — (Id—Gy)) € *0 >,

The lemma follows immediately by defining E, as in (5.13).
Now we construct Fy;. We do so iteratively at the symbolic level. We will use repeatedly

that if ¢4 € C=(R),
P =19 = (Id=Gy)(Id—Gy) = 1d—G,.

At each stage of the construction we shrink the region in which the symbol conditions are
satisfied. Fixing K C {s : ¢(s) = 1}, we take 1; € C>(R) with suppy; C K. We take
Fy € 309 with

E, = F(D} + Hy, + E) 'Py — (Id —Gy,) € >0~ 171,
The front face symbol condition is then exactly given by the function fy, (5.13),
(5.14) Ni(F)() = fu (7 + Hy, + E)7'(7° = Hy,).

(That such an indicial family exists follows from an analogous construction in the scl, sc
calculus.) The two other symbol conditions are easy to arrange as they can be solved on
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off the characteristic set of Py. For the inductive step, assume that for some 1, € C>°(R)
which is 1 near 0, with supp ), C K, and Fy,..., F, with F; € 33°W!=317J guch that

Ey = (1d~Gy,) O F)(D? + Hy, + E)™{(D? = Hy,) — (Id—Gy,) € U™ ",
j=1
Then we solve for F),,; such that
Fo1(D? + Hy, + B) " Y(D? — Hy,) + (1d =Gy, ) K,, € >@—-bn-1,

which is to say N _n(Fny1) (1) = Fy((7% + Hy, + E)~'(—=7% + Hy, ))Ng,_n(E,). Then for
any wn—i-l € CEOGR) with wn+1¢n = wna

n+1
(10=G (S B)DE 4 Hy, + ) (DF — By~ (4G ,) € 10

i=1

Thus by induction there are Fy, ..., with F; € W=7 such that

(1d—Gy)(Y_ F)(D? + Hy, + E) (D} — Hy,) — (Id—Gy) € ™77,
j=1
for any n, and taking the Borel sum gives

Fy=(1d-Gy)(>_F)
7j=1

It remains only to know that fu((r2 + Hy, + E)~Y (72 — Hy,)) € U2 but this follows

scl,sc?
from an identical parametrix argument. 0

5.3. Localization near the characteristic set. We now construct the operators which
we use as microlocalizers and commutators near C'. There will be of the form

(5.15) Opr(¢)Gy,
where ¢ € C°(*I*X ). We are mainly interested in the case that
(516) q’sch\?PX(T, C) == q(O, 0, T, C) - f(T)

for some f € C(W+1), for this mimics the centrality condition in (4.17), with the crucial
difference that in general these g do not lie in 8™ (X; C'). Indeed, even for f(7) € C=(R,),
any function ¢ satisfying (5.16) is not a symbol since it does not exhibit additional vanishing
in ¢ under application of 0.

We will see that, despite the fact that such ¢ are not 3sc-symbols, that the operator in
(5.15) is a 3sc-operator provided

(5.17) g € C=([“T"X; fibeq))

This is the same blow up that appears in the proof of Lemma 4.14. Rather than describe
this blow up in detail, we simply say that ¢ satisfies (5.17) if: (1) it is a classical symbol in
¢ of order zero and smooth in 7 in regions |7| < C, (2) in regions with |(| < C, £7 > C >0
it is smooth in p = +1/7 down to p = 0, and (3) in regions where p = (/p is bounded, it is
a classical symbol in y, smooth in p down to p = 0.

While, (5.17) will ensure that (5.15) lies in **W%Y the condition (5.16) will ensure that
commutators with Py, have the correct order (i.e. lose one order compared with composition.)
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This is established in the following proposition, in which we use p = 1/7 to modify the
differential order so that the centrality condition is preserved; this leads to the appearance
of factors of (7,()/7 in the local components of the symbol. Also (see Remark 2.4) we use
powers of x to rescale the symbol. Here we also define all symbols using a fiber defining
function py; which is equal to p near the characteristic set.

This proof follows from the same arguments as in Vasy [36, Proposition 13.1]. The main
difference is that since Gy, is of differential order 0 and vanishes to infinite order at fibeq (by
Proposition 5.8), the product is a 3sc-operator if ¢ is smooth on [*7™*X; fibeq].

Proposition 5.14. Let ¢ € C([**T*X;fibeq]) satisfying (5.16), and assume that there is
¢ > 0 such that suppq N [—c,c] = @. Then for s, € R,

Op, (¢~ p™°q)Gy € *U>(X).
The components of the principal symbol are
Ni(Opp(a~'p*q)Gy)(7) = p=* f(7) - Ne(Gy)(7),
and
0350 (OpL (27" Q)G y) = qles-x - T35e(G) .
Nut(Op, (2 p™"q)Gy) = q SeTE X Nut(Gy)

where we have implicitly used that po, = x,pas, = p near NP on supp(oss.(Gy)) and on

A

supp(Nme(Gy)).

We note that the commutator with Py, decreases the order as expected:

Proposition 5.15. The commutator of Py and QG satisfies [Py, QGy) € 35°Wsthi-1(X)
and

77 Nior ([P, QGy]) = — F(1)[0:V a0, (G )s]
- [HV()? OpL(a'cha]a 07 T, C) + zayQ<07 O? T, <)>](é?/1>ff
— 27 f(7)(Gy)a -

Proof. Without loss of generality, we may assume that s = 0. By Proposition 5.14, we have
that the front face symbols of QG and Py commute. To calculate the indicial operator of
the commutator, we use Proposition 4.13 with A = Py, and B = QG,. We have that

Ag =1° — Hy,,
D, Ag = —2ir,
A;f == _axvl‘x:Oa

Bg = f(7)<aﬁ)ﬁ?
D, By = —if' (r)(Gy)a + f(1)D-(Gy)ir s
Bi = Opp,(9,4(0,0,7,¢) + 28,9(0,0,7, )Gy + F(7)(C )i
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Using that (é;)ﬂr and Hy, commutate we calculate
[ Ay = Do Aw, By] = = f()[0:V =0, (Gu)a]
[Ag, By — D-By) = —[Hy,, By,
= _[HVO7 OpL(axq(O, 0,7, C) + 2ayq(07 0,7, C))Ké:b)ff - f(T)[HVoa (é;)i‘f] :

The second summand vanishes because (Hy,)" = 0 implies that (C/r’:/,)l’cf = 0. This proves the
claim.

O

The positive commutator argument will evaluate the commutator of the unperturbed
operator in the scattering calculus and therefore we need to compare the commutator in the
perturbed and unperturbed setting (cf. [36, Corollary 13.4]):

Corollary 5.16. Let
R(r) =7 (Na([Pv, QG (r) = Ne([Po, QGol)(7)) -
Then,
Re W oo

scl,sc

and

IR e sy S sup{| D2, - D2a(0,0,7,0)]: la] < 1,18] < en}.

x’sz
where ¢ > 0 1s a universal constant and the implied constant is independent of T and q.

Proof. For brevity, we set ¢,(7,¢) == 0,¢(0,0,7,¢) and g¢,(7,¢) = 9,¢(0,0,7,¢). From the
previous proposition, we calculate that

R(7) = —f(1)[0:V"|oz0, (G )] + [Vo, O (s + 24,)](G)r
~i(~20p(Cay) + 207 (1) ((Go)e = (Goola) -

We have that (é;)ﬁ e U_>" and therefore the first term is in ¥ > and bounded

scl,sc scl,sc

independently of ¢ and 7. The commutator [Vp, Op; (g, + 2¢,)] is in ‘Ifg(’:islc’o and we can

estimate its operator norm as a map H1? — HL! by
C'sup{|D,D2q(0,0,7,0)|: la| =1,|8] < cn},

and composition with (G )g is a bounded map L? — HL! with the same norm.
From Lemma 5.9, we have that (Gy)g — (Gyo)g € Uo7 and

scl,sc
Opy(Cay) —07f(7) € Vol
and the operator norm is bounded by
C'sup{| Dy DZg(0,0,7,¢)|: |o] < 1,]8] < en},

which completes the proof. O
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5.4. Garding type theorems. In this section, we state and prove a sharp Garding type
theorem for 3sc-operators. In contrast to Vasy [36], we use a localization operator Gy, that
is in 3¢W%0 and therefore we have to take the fiber principal symbol in account. We will
consider the general situation of a localizer ¢(A), where A € 3¢¥%0 ig self-adjoint. In the case
of the Klein-Gordon equation, we take A = (D7 + Hy, + E?) ' Py, in which case ¢(A4) = Gy.

Our proof again follows [36], in particular using a method for construction of square roots
of operators, which we recall now. In [36] this appears as Lemma C.1, but as we do not use
it directly here, we merely state the result and recall the method of proof.

Assume that we are given self-adjoint operators 4, Q € *¥%9(X), ¢ > 0 and ¢ € C>°(R)
real-valued with ¢ (z) = 1 for |x| < 6 for some 6 > 0. Then, if we have a bound from below
of the form If

D(A)QY(A) > cp(A)?,
then for any ¢ € (0,¢) and ¢ € C°(R) with ¢¢) = ¢, we can find a square root B € 3°W%0(X)
in the sense that
(5.15) HAY@ — )o(A) = (A)B* BY(A).

We recall the proof almost verbatim from [36], the main difference being that our ¢ (A) is
in 3°W0%0 as opposed to 3°W =0 Define

P = (A)Q(A) + c(ld —(A)*) € * (X)),

Since P > ¢ we have that P —¢ > ¢— ¢ > 0. Then we can apply Proposition 5.1 to take the
square root of P — ¢, i.e. we take f(P —¢) with a function f € C>°(R) such that f(t) = v/
on the spectrum of P —¢. The function exists because (P —¢') C [c—¢/, C] for some C' > 0.
We then have that

p — (P . C/)1/2 c 3SC\IJO,0(X) )

We choose a 1; € C®(R) with ¢); = 1 on supp ¢ and ¢; = 0 on supp(1 — ). We calculate
that

U1 (A) PP (A) = 1 (A)(P = ) (A)
= 1 (A)(A =i (4).
Let B = Pty (A), then multiplying the previous equation yields the equation (5.18).

We now have the non-sharp Garding inequality which operates under the assumption that
the principal symbol is strictly positive.

Proposition 5.17. Let A, Q,C € W°(X) be self-adjoint and assume Ng(A) € \Ps_c?:fﬁl/r'
Suppose that the principal symbol of C satisfies
Ussc(C) = Cfp - ¢0(U3sc(z4))2 )
Nmf(c) = Cmf * 1/}0(Nmf(14))2 )
Na(C) = cx - o(Na(A))*,
where o € CZ(R), can € O30 X), tmt € CF(Tgx\ o X) and cg € Co(WL). We
assume that

(1) co < co < ¢ for @ € {fib,mf, ff} and some ¢}, co > 0,
(2) tho(x) =1 for |z| < b,
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(3) there exists 1 € C°(R) with ¢¥(x) =1 for |x| < §; and supp ) Nsupp(l — 1) = &
such that
U(035c(A)) 035 (Q) Y (0350 (A)) > cnth(0350(A))?
(5.19) W (Nant (A)) Nont (Q) (Nt (A)) > Caneth (Ve (A))?
U(Na(A)) Ne(Q)(Na(A)) > eath(Na(A))?.
Then for any € € (0,1) and ¢ € CX(R) with supp ¢ Nsupp(l — ) = &, there exists
R € 3U~171( X)) such that
P(A)Qo(A) = (1 —£)p(A)Co(A) + R.

Proof. The idea is to construct a square-root of Q — (1 —&)C modulo lower order terms. We
follow the methodology described before the proof to take square roots first of each of the
symbols individually. That is, we write, for @ € {mf, ff},

Pu(7) = No((A)Qu(A)) + ca(Id = No(4(A4))?)

and
P () = 0350 (V(A)Qu(A)) + can (Id —03c (11(A))?).
Then, with f € C®(R) with f(z) = /x for e <z < ¢ for ¢ sufficiently large, we let
Be = f(Ps — (1 —€)ce)t1(A), o€ {fib,mf ff}.

The symbols Bgy,, Bg, Bine satisfy the conditions of Proposition 4.6; the matching con-
ditions follow easily, and the fact that Bg lies \1122?7;(1, L1/r and satisfies the appropriate
smoothness condition follows from the fact that Py is semiclassically scattering elliptic and
Na(41(A4)) € U320

Therefore we find a B € 3°W%0(X) with o3,.(B) = Bgp, fo(B) = Bg and Nmf(B> = Bps.

Hence there is a R € **W~171(X) such that
P(A) (Q = (1-¢e)C) 9(A) = ¢(A)B"BoH(A) + R.
Since ¢(A)B*B¢(A) > 0 this proves the proposition. O

Lastly, we have the sharp Garding inequality that only assumes that the principal symbol
is non-negative.

Proposition 5.18. Let A, Q,C € 30°9(X) be self-adjoint and assume Ng(A) € \If;f:’c?ﬁlﬁ.
Suppose that the principal symbol of C' satisfies
0350(0) = Cfip - ¢0(0350(A))2 )
Nmf(c> = Cmf * ¢O(Nmf(A)>2 ’
Ni(C) = e - to(Na(A))?
where ¢y € C°(R), cap € O (S o X), cmt € CF( Ty o X) and cg € C=(WH).
Assume that
(1) ce >0 for e € {fib, mf ff},
(2) either cg vanishes in a neighborhood of 00 or cg(d+o00) > 0,

(3) if can(§) = 0 for & € “SncX, then 035c(@) (&) = 0 and the analogous condition for
Cme and cg,
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(4) /e € C™ and vanishes to infinite order at points & where co(§) =0,
(5) the symbols
cg Ne(@), CupNnt(@), iy 035(Q)

are bounded together with all their derivatives on Wt T [X:C],%S*[X;C], re-
spectively,

(6) vo(x) =1 for |z| < do,

(7) there exists 1 € C°(R) with ¢¥(x) = 1 for |x| < §; and supp ) Nsupp(l — 1) = &
such that

77/}(0-350( )) 3sc( )¢(0-35C(A))Zcﬁbw(USSC(A))27
(5.20) V(N ( )Nt (Q)0) (Nt (A)) = et (Nne(4))?,

U (Ni(A)Na(Q)¢(Ni(A)) = eath (N (A))?.

)
Then for any ¢ € (0,1) and ¢ € CX(R) with supp ¢ Nsupp(l — ¢) = &, there exists
R € 3 U~b"1(X) such that

P(A)Qe(A) = (1 = €)p(A)CH(A) + R

Proof. In the case that cg(7) = 0 for 7 > 0, the argument is identical to that in [36,
Proposition C.3]. In the case cg(4+00) # 0, we put the previous lemma microlocally near
+00 € W+t and then the same argument again from [36]. O

6. PROPAGATION ESTIMATES OVER C

We now prove propagation of singularities estimates over C'. As elsewhere, since the
arguments are identical at the two points in C, we focus on NP. Our commutant construction
follows [36, Chap. 14] closely, and as such we attempt to be faithful to the notation there for
ease of comparison, although we make some changes in order to decrease the overall amount
of notation, which is substantial.

Note that 7 is preserved along the flow at NP; as described above, the global nature of the
operator above ff leads to propagation phenomenon analogous to diffraction, namely that
singularities entering at a given 7 level in the characteristic set at NP may emerge, still at
level 7, in any direction. Thus, if we wish to control a distribution u at a specific 75 in W+
over NP, we must assume a priori control of u along all bicharacteristics which enter NP at
that 7 level. ‘

To formulate this rigorously, recall ysq. : Csee[X; C] — P(9T " [X; C]) defined in (4.31),
which in particular associates to each 79 € W+ the full {7 = 7y} slice above ff. We also
define the projection onto 7 levels as follows. Recalling that Char(Fy) C ST" X, i.e. that we
include fiber infinity in the characteristic set of Fy, we define the map that records both the
spacetime location and the 7 level of a point in the characteristic set of Py, (possibly +o0),

Tx,: Char(Py) — X x R,
(x7 y7 T7 C) '_) (x7 y’ T) :

This map is well-defined up to the fiber boundary since Char(F) has empty intersection
with the fiber equator.

Proposition 6.1. Let V € p**¥Y and Vy € STHRY) such that V — Vy € 301 and
V_V*e 350\110,72 )

(6.1)
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Let By € 30t Fy € 33Ut G € 3Us— b for some 5,0 € R. Assume that
(2) 3°WF'(By) U3Ell(E,) C *Ell(G)
(3) For all a € y35.(¥*El(G)), we have that “H,(a) # 0.
(4) For all o € Char(Py) that are incoming to *WF'(By), in the sense that

Txr (@) € Tx (135 (“WEF'(By)) N Char(F)) ,

there exists s, € (—¢,0) such that

exp(sq “H,)(a) € *Ell(E)
and for all s € [sq,0],
exp(s*°H, ) (a) € Y35 (**EI(G)) .
For each u € H N=M with Egu € L?, GPyu € L? it follows that Bou € L* and
[Boull Swv | Eoull + [|GPyull + llull-n-ar -
The proof of this proposition comes at the end of this section.

Remark 6.2. In words, the proposition states that, to obtain estimates at a given 7 level
over NP, we must control the backward flow out of the entire sphere |(|*> = 7% +m? in a
neighborhood of NP. The elliptic set of Ey must control this set in the sense that it must
contain a transversal of the sphere earlier along the flow. In particular, the elliptic set of G
over ff must contain the whole of WFg(Bjy).

Remark 6.3. The same proposition holds if the wavefront set of By is controlled by the for
backward flow of the elliptic set of Ejy, in which case s, € (0, €).

We have two types of estimates in this section, one microlocalized near 7 € W+ with
m < |t| < oo, for which the arguments follow most closely those in [36], and the other
microlocalized at 7 = +00 € WL, which requires more substantial modifications.

The proofs in these two settings are similar, not only in their overall structure, but in the
specific functions which define the commutators and the proofs of the various properties of
the attendant operators. We thus focus on the case +oo € WL, and in fact to 7 = +o0, and
the argument for finite 7 (as for 7 = —o0) is a straightforward adaptation.

Both cases involve the consideration of the set ¥ (not the characteristic set!) which is the
closure in ST" X of the set ¢ - y = 0 in a region ly| < ¢ of NP. In the coordinates (x,y, p, i)
above in equation (2.25), 3 is

(6.2) S={(zy.pp) i p-y=0,p#0yl <c},
and the value of ¢ is irrelevant below as we will localize our estimates in small neighborhoods
of NP. In these coordinates it is clear that ¥ is smooth up to fiber infinity. (This same X is
used in Vasy, but there only its finite &, ( points are relevant; we use it out to infinity.)

We also assume for simplicity for most of this section that

V-V*=0.

Indeed, without this assumption the commutators which arise below involve Py 4y« /2 and
the V' — V* appears as an error, but it is clearer to make this realness assumption and use
commutators with Py, and then discuss the generalization of V' later under the assumption
in (6.29).
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We first work with the free Klein-Gordon operator F, and then relate its commutators
to those of Py,. The commutators of F, can be analyzed directly using its Hamilton vector
field, and we need in particular to analyze this vector field’s behavior at ¥, both near and
away from fiber infinity over NP.

Lemma 6.4. The set X is a smooth submanifold of ST" X . Moreover, the Hamilton vector
field *H,, is transversal to ¥ N *TypX in a neighborhood of Char(P,).

Proof. At y =0, away from fiber infinity, H, = —2x(( - 9), so the rescaled Hamilton vector
field *H,, is *H, = —pu - 0, at NP (2.24). Since the condition defining 3 is - y = 0, thus

(6.3) “Hy(p- ) = —|nl*
on NP and is thus non-zero near the characteristic set near NP, which is what we wanted. [

Remark 6.5. Consequently, there exists a neighborhood U’ € *T" X of Char(Py) N *TxpX
on which we can solve the Cauchy problem

przoa f|2:f0'

The proposition will follow from estimates localized near points in WL, and the positive
commutator argument we use to establish such estimates is accomplished using commuta-
tors localized near NP and near 7. Formally speaking, we will use a positive commutator
argument analogous to that used in the scattering setting discussed in Section 2. We use
the commutators constructed for this purpose in Section 5.3 of the form

(6.4) ilPv, GyQ QGy]

where ¢ € C2° and @ is constructed analogously to the corresponding commutant in [36]. In
particular, we will take ¢ € C°([*T" X; fibeq]) satisfying the centrality condition ¢|xp = f(p)
where f € C®°(W1). Concretely,

(65) Q — OpL(w_(f—l—l/Q)p_(S—l/?)q) , q= Xa(x)(j7

for a cutoff function xy supported near 0 and ¢ a function on **7%5, X, and ¢ essentially given
by [36, Eq. 14.20], with modification that we clarify below. Furthermore, ¢ itself is defined
first near the characteristic set (in a neighborhood of the sort depicted by Figure 5), this
is the function ¢y in [36, Eq. 14.11], and then on a complement of a neighborhood of the
characteristic set using a partition of unity. We describe this in detail below.

First, we make the following remarks about this commutator and its important features,
both of which appear in the proof in Vasy [36].

e As discussed in Section 4.3, QG,, € *¢Ws~ Y2412 gatisfies
[PV7 GwQ*QGw] c 3SC‘P2S,2Z7

and, by choosing the support of f = ¢|xp localized around a given 79 € W+, we will
obtain estimates localized near that 7. (Note we want more than simply localization
as we need a positive commutator.)

e We do not use (or more accurately we do not attempt to define) the Hamilton vector
field of Py directly, and thus we do not directly compute the principal symbol of
i[Py, GpQ*QGy] in terms of some action on ¢. Instead, we compare i[Py, Gy, Q*QGy]
to an operator whose principal symbol we know explicitly. (See just below these
remarks for an elaboration on this comparison.)
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FIGURE 5. Localization near the characteristic set and at 7p € W+,

It is instructive to consider first the case V = 0 and the commutator [Py, Gy 0Q*QGy ),
where Gy is the corresponding function of the free Klein-Gordon operator F, in equation

(5.1). In this case compute Nig(i[Py, Gy0Q*QGy0]) in terms of

f(p) = dlxp,
and *H,q. Recalling, from (2.23)-(2.24), that away from the characteristic set we use the
rescaling *°H,, = (p/x)H,, we have

(6.6) Ni2e(i[Po, Gyo@* QG ]) (1) = p2(Gyo)r (2 (CH,pq) F(7) + 2(20 + 1) f(1)2) (Gyo)s-

(This is an easy consequence of Ni,(A)(T) = Ny(A)(0,0,7,D,) for A € *W™) Thus,
we seek a ¢ which gives positivity when differentiated by the Hamilton vector field, and we
proceed to the construction of ¢ now.

Let xo € C*(R) given by

eVt >0
6.7 t) = -7
67 ) {0 =

A key feature of xq is that

Choose x1 € C*(R, |0, 1]) such that

x1(t) =0 fort <0,
xi(t)=1 fort>1,
Xi(t) > 0.

Vasy’s construction of ¢y uses functions N and w, and we retain this notation with appro-
priate modifications of their definitions. We choose a neighborhood

U' C Char(Py) N*TxpX
as in Remark 6.5 and we define a function N € C*°(U’), which will act as our flow parameter
from 3, by

SCHpN:17 N|Z:0a
and by the transversality of *H, to X in (6.3), we see that away from p = 0 and near ¥, i.e.
on sets of the form |u| > ¢ >0, |p-y| < ¢, |y| < ¢, we have

a(p-y) <N <cp-y).
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SPI(E) SWF'(By)

—26 -5 0 25 — w/e

FIGURE 6. The function ¢y in the direction of the flow measured by N. The
north pole is at N = 0.

for some ¢; < ¢y. Thus N has the dual features that it is commensurable with u -y (near
¥ and away from p = 0) and parallel along the flow. This NV is identical to that in [36], we
merely use that it is smooth up to the fiber boundary p = 0 near the characteristic set.

In proving estimates at +oo € WL, we define an w which differs from the one in Vasy,
namely we let w € C*°(U’) be given by the solution of

(6.8) “Hyw =0, wlyg= |y|2 + p2

This w is used to localize near w = 0, which here is the set p = 0,y = 0, i.e. fiber infinity
over NP. Note that at finite 7y levels one can use, exactly as in Vasy, w|s = |y|* + |7 — 70|%.
Thus exactly as in [36, Eq. 14.10-14.11], for €,0, 5 > 0, we set

=N +wle,
and define the function

Qo(x,y,p,0) = xo(B (2= 0/0))x1(N/6 +2),

depicted in Figure 6. In particular the support of ¢y is contained in ¢ < 20 and N > —24.
Thus, we have the bounds

(6.9) IN| <20, |w| <4e8, |o| <60

on the support of ¢o. In particular, the choice of 0 determines how far from NP we have to
control u with E and e determines the interval around +oo € W we want to control.

We now wish to extend gy to a function ¢ defined on the whole of T X, i.e. also away
from the characteristic set; since gy is defined on the characteristic set we can do this easily
enough with a bump function that is 1 near Char(F) and in fact we will choose such a
function that is smooth on *T" X.
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Such cutoffs to the characteristic set were discussed in Section 5, and we recall that
smooth functions of p/(7% + |¢|? + 1) are smooth on the whole of *T" X. Thus we define, for
X € C°(R) with x identically 1 near zero,

T [ —m? p
6.10 = oy (—2 )
(6.10) xen X(T2+!<!2+1> X(T2+\<!2+1)

We choose x such that supp Xchar C U’ in order that xcnar§o is well-defined. The choice of a
function x as opposed to the ¢ used in Section 5 is deliberate, as we hope to avoid confusion
in the use of xcnar as a cutoff to the characteristic set and 1 which is used to take functions
of an operator. For the same reason the denominator has 1 instead of m? + E, as the symbol
of xcnar 18 irrelevant; it is just a cutoff to the characteristic set. We note that xcpar differs
from Vasy’s cutoff p(g) [36, Eq. 14.20]; in the setting of that paper, the characteristic set is
compactly contained in the interior of *T™* X so the behavior near fiber infinity is irrelevant.
Define ¢ by

(6.11) ¢ = XcnarGo + (1 — Xcnar) Xo(B7 (2 — wo/(€0))),
Note that ¢ is constant in ( on NP. We have that

Nixp =0, W\NP:PQa
therefore we may define f € C' OO(m) by
(6.12) f(p) = dlxe = xo0(o(p)) ,

where
)
o(p) = 8" (2 - ,0_5>
€

and thus ¢ satisfies the centrality condition (4.17).
We now compute the Hamilton vector field applied to gp:

“Hy(@o) = =876 "X0(B7(2 = ¢/0))xa(N/6 +2) + 6 xo(B7(2 = ¢/0))X1(N/6 +2) .
We have used here that *H,N = 1 and *H,w = 0. Note that x1(N/J + 2) is constantly

1 in a neighborhood of ff. Thus we now draw the important conclusion that over NP this
expression simplifies to

(6.13) £ (p) = —"Hy(qo)Ixe = B0 " xp(0) € C®(W1),
the minus sign being included as f> > 0 will be used as an upper bound below. We will use
below that we can bound f in terms of f°,

(6.14) flp) <
We may define go and ¢y by
9o =261 (xo(B7(2 = ¢/0)x0(B71(2 = ¢/9))) xa(N/d + 2)%,

46 ,,
ﬁf(m-

and
(6.15) &2 = 26""xax1x,-
Setting
M§
T:—(2—¢/(5)2 5

25
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we have the following.
Lemma 6.6. For any €,5, M > 0 there exist § > 0 large such that r € [0,1) and
(6.16) “HL(&) + M@ = —(1— 1)g8 + &
on U'.
Proof. We start by observing that from the bound of N and w in (6.9), we have that
12 —¢/d] < 8.
Therefore, if we choose 5 > 0 such that
B> 86M,

then r < 1.
To establish (6.16), we first observe that

“Hy(@) = —96 + & -
Moreover, we calculate

Mas = Mx; (8712 — ¢/9)) xi

(2—¢/0) -
= B ) (5712 - 010)
=70;
where we used the explicit relationship between xo(t) = x4 (1). O

Taking 8 > 0 as in the previous lemma, we define
bo == (1-— 7")1/290.

Noting that by is defined only on U’, we can extend to a function b as with ¢ and ¢y above,
namely by writing

b= Xa(x)b
with
. . 9 1/2
b= Yonarbo + (1 — Yon) ((1 _ M59)§XO(Q)X6(9)) .

Here the parenthetical term on the right is equal to by over NP, and thus b gives a globally
defined function which restricts to

(6.17) blne(p) = (2(1 = Mdo) f(p) f*(p))

Similarly, we set

1/2

€ = Xchar€o, €= Xo(2)eo,
We note that
(suppe) N *TypX = 2,
and thus e is in fact a standard scattering symbol. From (6.15), we see that

(6.18) suppe C {N +w/e <20} N{-26 < N < =4},
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and in addition is supported near the characteristic set thanks to the ycpa. Thus e s
supported near the bicharacteristic rays flowing into p = 0 over NP as N increases, i.e.
along the direction of the Hamiltonian flow.

To utilize ¢,b and e in an expression related to commutator i[Py, GxQ*QGy], we will
choose a ¢ € C°(R) with sufficiently small support that, away from the front face, only
the function gy appears in the principal symbol of QGy. Indeed, recall that for arbitrary
1 € C*(R), by Proposition 5.14 we have

O3sc,s—1,0+1 (QGdJ) - (q SCS*X) : U3SC(G¢)
Nmf,s—l,K—H (QGw) = (q SCT;XX) : Nmf(Gzp)
Nae11(QGy) = p~ V2 f - Ny (Gy).
Thus, if 1 is chosen with sufficiently small support such that
Xcnar - ¥ (72 + (¢ +m? + E)7'p) = ¢ ((7° + ¢ +m* + E)'p) ,
We have that

(qv (72 + ¢ +m® + E)7'p) [, = Go ¥ (7 + [ +m* + E)7'p) | 5+

so over the boundary away from ff only ¢y appears in the symbol of QG.
We thus obtain our desired positivity at the level of the principal symbol in the first two
components, i.e. at fiber infinity and over mf. Indeed, directly from Lemma 6.6, we have

(619)  OpezeaelilPr, GuQ'QGy)) = (=B + & + (220 + 1) = M) ) 03:e Gy’
(6.20) Nt 25 20(i[ Py, GyQ*QGly]) = (—Bg +ég+(2020+1) - M)qg) Nunt (G

In order to use the sharp Garding type theorem in Proposition 5.18, we must have a similar
inequality over ff. This can be done by again possibly reducing the size of the support of
1, and using operator norm bounds to compare the indicial operator of [Py, G,Q* QG| to
that of [Py, Gy oQ QGyp]. We note that we have a formula for the free indicial operator in
terms of the functions defined above, namely, from (6.6),

(6.21)

Nit a¢ ([ Po, Gy 0@ QGlyg]) = (—2(1 = Mbo) f f* + (2(20 + 1) — M) f*) p~**Ng(Gy0)*,
Thus, for Fy, the indicial operator has similar structure to the other symbol components,
and f can be bounded in terms of f°. However, we cannot easily calculate the indicial
operator of the perturbed commutator. Following Vasy, we will use a “window shrinking”

argument to prove that the difference of the free and perturbed commutators are small
provided that the cutoff function % in the localizer G, is supported sufficiently close to 0.

Lemma 6.7. For every &' > 0 there exists € C° with ¢» = 1 on (—§,6) where § = §(¢’)
such that

P Nig ae (i[ Py, GuQ*QGy]) — (220 + 1) = M) f* - Ng(Gy)?
—(2 =) (1 = Mbo) [’ f - Ng(Gy)*.

Proof. Let ¢ € C*(R) with ¢(s) = 1 for |s| < 1 to be chosen later. We consider the
operator defined on ff which is the difference of the commutator and the local part of the
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free commutator in (6.21) but with the G, localizer:
Ry, = p* Niaoli[Pv. GoQ QG,]) — (=2(1 — M) ff* + (2(20 + 1) — M) f*) Ni(G,)*.
Note that, if v € C°(R) has ¢¢ = ¢ then
Ry = GyR,Gy.
We have that
Ry = 0* (Nuae{ilPy. GoQ" QG = ilPo, Q" QG ]}
+ PQSNH,% (i[Po, GpoQ " QGyp]) — (—2(1 - M5@)ffb +(2(20+1) = M) f2) NH(G¢,0>2
(=201 = Mo) £ + (2020 + 1) = M) %) (Ni(Gip)® = Ne(G)?) -
We claim that

R 6 \IISCIOOSC ' 0
and that there is a C' > 0 independent of p = 1/7 such that
(6.22) 1B (o) 322,111y < CF (0)£(p) -

To see this, note that in the expression for R,(p), line two vanishes by (6.21). For the
third line in that expression, one obtains (6.22) from Lemma 5.9 (and Proposition 5.8) and
estimating f by f* asin (6.14). Finally, for the first line, we use Corollary 5.16 (and Lemma
5.9 and Proposition 5.8 again).
Taking ¢ = ¢//C and % as in Lemma 5.10, we obtain

7 Nit s 20 (i[ Py, GpQ*QGy]) — (2(20 + 1) — M) f>Nig(Gy)?
(6.23) =2(1— M) ff - Ne(Gy)®* + GyR,Gy
<2(1— M6o)f'f - Na(Gy)? =<'~ ff.

This is nearly what the lemma claims, only missing the Ng(Gy)? on the € term, but is
obtained by multiplying both sides by yet another fo(Gd”)) for yet another ¢ with ¥ =

V. 0
Now we can fix ¢’ € (0,1/4) and ¢ € C'° as in the lemma above. Choose ¢ € C'>° with
o(s) =1 for |s| < d(¢’)/2 and supp ¢ C (—d(g’),(e’)). We define

(6.24) B = Opg(z~p~"b)Gy,
(6.25) E = Opg(z~‘p~%e)Gy,
(6.26) Qo = Opp(z~‘p™"q)Gy.

Lemma 6.8. There exists F' € 33°W%~12-1 gnd e € (0,1) such that 3°WF'(F) C **WF'(B)
and

i[Py,GsQ QGy] + (M —2(204+1))Q5Qo < —(1 —e)B*B+ E*E+ F.

Proof. We will prove the lemma by using Proposition 5.18. By the definition of ¢, there
exists ¢y € CZ° such that

supp ¢ Nsupp(l — ;) = &
supp ¥y Nsupp(l —¢) = @.

9
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We set
A= i[Py, GyQ QGy] + (M —2(20 +1))Gy Opy(z~"p~*q)" OpL(x~ p™*q)Gy
— Gy Op (7 p%e)* Op(z~p%e)Gy,
C == —GyOp,(z 7 p5b)* Op(z p™b)Gy .
We have that
GoAGy = [Py, GoQ QG + (M —2(20 +1)Q3Q0 — E'E,
G,CGy=—B*B.

Hence, to prove the claim, we can apply Proposition 5.18 with ;. It remains to verify the
inequality of the principal symbols. For the main face and fiber symbol, this is (6.19) and

(6.20). For Ng, we observe that
P** Niao(A) = p* Nig ae (i Prr, GpQ QGy]) + (M — 2(20 + 1)) f* Nie(Gly)?,
¥ Nitoo(C) = =2(1 = M) f(p) £ (p) Ner(Gly)?
and by Lemma 6.7, we have that
Nigao(A) < (1 —€'/2) Nig 20(C) -
O

Remark 6.9. As opposed to the case of scattering operators in Section 2, we cannot use
a simplified version of the Garding inequality, because we truly only have an inequality of
principal symbols.

For r € (0,1) and 61,0, € (0,00), we define
Trgvss = (L4 7/2) (1 +7/p) "
We have that
Opr(Jrsys,) = Id asr — 0

strongly in B(H") for every s’ > 0,¢' > 0 (cf. Vasy [38, p. 408)).
Using (2.23), we calculate

.
HyJdys,5, = —27905233 n T,Jr,él,zsz :

Hence, we can choose M>0 independent of r, such that for all 7, z, we have

~ 1
(6.27) MJ,s, 50 > ngJngl’(sz .
Taking M > M + 2(2¢ + 1) and using Lemma 6.6, we have that
(6.28) Hp(xf(%H)Pi(ZS*l)J251,62q2) < 3772%725&73,51,52(—52 +e*+0(p-x))
on U’

Q= Opp (™2 p= 12 5 5,0)G
B, = OpL(x_ep_sJT,51,52b>G¢’
E, = OpL<xiepisJT,51,52€)G¢'
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We have that
O, € BYs 120120 anq B B¢ Fegsint—t
Since
Jrorsn = P72 (p 4+ 1) (@ 1) 7%,
we have that
N ri1/2-6,(Qr) = p Nigo11/2(Q)

N (@r) = p xégNmf( Q),
O35c(Qr) = P ta 2035¢(Q)
and similarly for B, and E,.
Lemma 6.10. There exists F! € 3¢W2s—1-2002-1=202 gy, ch that 3°WF'(F!) C **WF'(B) and
ilPy, Qi@ ] < —(1—2)BB, + ElE, + I,
and F! € B(HZ1271) is uniformly bounded as r — 0.

Proof. The argument is essentially the same as the proof of Lemma 6.8, but using (6.28) to
obtain the symbol inequalities. 0

We now relax the condition on V' — V*. For this we write
Vi=(V4+VH/2, V'=(V-V*/(2i),
and we have that
Py =Py —iV".
We have that both P, and V" are formally self-adjoint. The assumption of Proposition 6.1
implies that
(6.29) Ve B2,
We first prove a variant of the propagation estimate with the specific B and F.
Lemma 6.11. Let u € HN "M B E as in (6.24)-(6.25), and G € 3cWs=LH1 yith
SCWF/(B) USCEI(E) C *El(G).
If Eu,GPyu € L?, then Bu € L? and we have the estimate
[Bull Snvar [|Eul] + [GPyull + [Jull-n,-a -

Remark 6.12. Note that here we make no explicit assumption about the relationship between
the Hamiltonian flow and the elliptic set of G as in Proposition 6.1. This is because the
operators here are given explicitly in (6.24)-(6.25). Here *“WF’(B) by construction is an
open neighborhood of 400 € WL € C [X; C.

Proof. We take 6 = s+ N and d; = £ + M. Then for r € (0,1), we have that
Q c 3SC\IJ—N—1/2,—M+1/2 )
Therefore, Q,u € HS;1/2,1/2 and Q,Pyu € Hslc/Q’_l/2 and the pairing of Q,u and Q,Pyu is
well-defined. We have that
(6.30) 2Im(Q, Pyu, Qyu) = (i[Py, QrQyJu, u) — ((QrQ, V" + V"QrQ,)u,u) .
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Since V" € 3°0%=2 we have that

F// — F/ . (Q*Q V// 4+ V//Q*Q ) c 3sc\11—2N—1,—2M—1
and using Lemma 6.10 with Py, we obtain that

| Brull? < || Evul|* — 2Im(Q, Py, Quu) + (F'u,u) .
We have

1
Im(Q, Pyu, Q,u)| > —@|!SCA71/2,1/2QTPVUH2 — p1l[**Ayy2,-1/2Qrul|? .

Since Ay /9 _1/2Q, is a 0th order multiple of B, and **A_;/5;/5 is a Oth order multiple of
Q1,r, we can absorb u[[*Aq/2 _1/2Q,ul|? into 1{|B,u|? if we choose p € (0,1) small enough
modulo lower order terms. Then, we conclude that

IBrull® S A1 /2,1/2@Qr Prrull® + || Evul|® + [(F)u, u)] .

The right-hand side is bounded as » — 0 and since B, — B as r — 0, we conclude that
Bu € L? and

1Bull* < I*°A-y2,12QPvull? + | Bul® + [(F"u, u)] -

Set
B, = OpL<x7€+1/2pfs+1/Qb)G¢ )
By elliptic regularity, we have that
(F"u,u) < || Brul® + [lull 2y »
A1 /20 2@ Pyul| S {|GPyull + [Jull-n.-nr -

Hence, we have proved the estimate

1Bull Sy [|Buull + [ Eull + [|GPyull + [[ull-x, -2 -

To remove the B; term we inductively apply the previous estimate to the error term
starting with the estimate

[ Brull Snar | Baul| + [| Eull + |G Pyull + [Jull-x.-pr
where
By = Op, (¢~ “1p+10) Gy
After a finite amount of steps we have that s — k/2 < —N and ¢ — k/2 < —M and therefore
we have that || Byul|| < ||ull-n—n- O

Now we can prove Proposition 6.1.

Proof of Proposition 6.1. Let By, Ey and G be as in the proposition. First, we claim that
there are B, F as in Lemma 6.11 such that **WF’'(E) is controlled by **‘Ell(Ej). Indeed,
this is accomplished by taking § > 0 small in the definition of ¢ (and hence of B, E) and
thus *“WF’(E) is small neighborhood of the backward flow out of +o0, see (6.18) and below.
Thus, by standard scattering propagation in Section 2, we have that

[Eull Sy (| Eoull + |G Pyul| + [l -n-ar
and thus by Lemma 6.11, we control B in terms of Ej

[1Bull Sy [ Eoull + [|GPyull + [[ull-x, -2 -
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On the other hand, by the elliptic regularity of Corollary 5.13, for Q € W¥s¢ with +oo €

Ellg(Q) with **WF'(Q) sufficiently small, we have
1Q(1d —Gy)ull S IGPyull + [[ull-x,-nr,

where we willingly relinquish the additional differential order of regularity that comes in
Corollary 5.13. In fact, we choose @ so that Ng,(Q)(+00) = f(0) with f given by (6.12)
and set

B = Q(Id —-Gy)+ B.
We then have:

(1) B'u € L? and satisfies the same estimate as Bu,
(2) 400 € Ellg(B’).

The second claim follows directly from (4.23) and
Nigo(B')(++00) = f(0)(1 = Nig(Gy)(+00)) + Nig o( B)(+00)

= (0)(1 = Na(Gy)(+00)) + f(0)Nig(Gy)(+00)

= f(0) > 0.
The first claim follows from putting the bounds for B and Q(Id —Gy) together. More
precisely,
(6.31) 1B'ull Svor 1 Eoull + |G Prull + [lull—n,-ar -

Finally, we control Byu in terms of B'u and Eyu as follows. Let Q € W%° be such that
FWF'(Q) € *El(B),
WFg(Id —Q) = @.

Then
(6.32) 1QBoull Snor 1Bl + [l -, a1 -

Moreover, **WF'(Id —Q) By is controlled by *“Ell(B’) U*°Ell(Ey) through flow lines which
avoid NP, and thus by the scattering propagation estimates

(6.33) 1(Id —Q) Boul| Snva | Eoull + (| B'ull + |G Prul| + [Jull-n,- -
Consequently, we obtain
| Boul| < [|@Boul| + || (1d —Q) Boul|
Snor ([ Eoull + | B'ull + [|GPyull + [[ul| - v, -
S [[Eoull + [[GPrull + [[uf-n-n -

where in the last line we used (6.31). This proves the proposition. U

7. RADIAL POINT ESTIMATES OVER C

In the previous section, we had to exclude the points 7, € {£m} C W< because the
Hamilton vector field vanishes there. Indeed, by (2.27), we have that *Trp X N RS = {2 =
0,y =0, = 0,7 = £m}. In Section 2.7, we proved localized radial point estimates away
from the poles. Hence it remains to prove radial point estimates near C' and 79 € {£m}.
These estimates take a similar form as the scattering radial point estimates. As usual, we
work only near NP.
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The propositions in this section are conceptually a combination of the radial points esti-
mates reviewed in Section 2.7 and the commutator construction with operators of the form
QG used in Section 6. As in the scattering case, the form of the symbol ¢ used in the radial
points commutator is simpler than that of the standard propagation, in that it is essentially
a bump function localizing to the radial set multiplied by a weight; for us it is a bump
function localizing to 7 = £m € W+, see (7.1). Since the commutators QG are localized in
bounded 7, they are smoothing, and thus the only relevant weight is the spacetime weight.

As in Section 6, the theorem is microlocal only in the 3sc-sense near +m € W+, meaning
only in the inverse image of +m under the 7+ map in (4.28). For example, the above
threshold estimates imply that if a distribution u lies in the above threshold space HE Ve

s—1,1/2+¢€ s,—1/2+¢€
Hyc

near (71)~1(m), and Pyu lies in there, then u lies in Hy in a smaller

neighborhood of (7+)~%(m).
As in the previous section we assume that V' € pu3°WUh0 and Vy € S™H(R?) satisfy
V= Vj € 30! and
(V —V*)/(2i) € #w2,
Proposition 7.1 (Above threshold radial point estimate). Let ¢,¢' € R with { > ¢/ > —1/2
and
To — +m € WJ_.
Let B, € 30! G € sV gnd assume that °El(B,) C **WF'(G). Then, there
exists By € 35Ut with
70 € Ellg(Bo)
and **WF'(By) C *°Ell(B;) such that for any M, N € R, we have
[1Boull S G Pvull + (| Buull + llull-n.-21,

provided the right hand side is finite.
Proposition 7.2 (Below threshold radial point estimate). Let ¢ € R with ¢ < —1/2, and let
By, B € 3Ust G g 3sews— L gych that

(1) 3*WFg(E) = 2,

(2) 3WF'(By) UEL(E) C *EI(G),

(3) Y3 (*EN(G)) N (RLURE) = &,

(4) for every o € Char(Fy) such that

rxa() € s (m (**WF'(By)) N Char(P) \ (R UR? )) ,

there ezists s, € (—¢,0) such that
exp(s,*H,)(a) € *EI(E),
and for all s € [sq,0],
exp (s H,)(a) € Tt (P*°El(Q)) .
For any M, N € R, the estimate
[1Boul| S [|GPyull + [[Eull + [[ull -~ -

holds.
The same statement holds if Ri URP is replaced by RS URE with forward control instead
of backward control.
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Again for the construction of the commutator, we start by assuming that V —V* = 0 and
then later we can run the argument under the assumption (6.29).

We proceed to the commutator construction. We will work near 79 = m, as the result
near 79 = —m follows via identical arguments. To avoid cumbersome distinction between
the above and below threshold cases, we introduce a constant x € {£1} in the arguments
below. The case that k = 1 is used in the above threshold estimate and the case that kK = —1
is used in the below threshold estimate.

Let 61,2 > 0 to be chosen later. Let xi,x2 € C*(R) be non-negative cutoff functions
with supp x; C [—d;,0;] and x;(s) = 1 for s € [=6;/2,6;/2] , i = 1,2. Below, §; will be taken
sufficiently small with respect to d, so that an error term arising on mf has a definite sign.

Consider the function

(7.1) q(z,y,7) = x2(Jyl*)xa(x)xa (r — m),

which is identically 1 on a small neighborhood of the set 7 = m over C.

As opposed to the previous section, we directly calculate the commutator with the regu-
larized symbols. Since ¢ is compactly supported in 7, we only need a regularization for the
decay order. Hence, for r € (0,1), we set

(7.2) Jrs = (1+71/2)7°.
We have that J, s = 2°(x + )~ and therefore
fo’_g(Jrjé) =79,
As before, by the form of the Hamilton vector field (2.23), we have
H,J5 = —2r26——J, 5

T+
Setting

a7, = xaaalr = m) ( (204120 ) rxall) — 4+ 7))
we have that
Hy (2= Y2 ] 5q) = 2=V ] 5 (¢ +O(x)) .
Since = > 0, we have that
2 + 1 —25# > 2(0+1/2 — §)

and thus for 0 > ¢ — 1/2, we have 20 + 1 —2r/(x + 1) > 0.
Let £ € R, k(£ +1/2) > 0, and define

(7.3) by (2,y,7) = \/zm <2e +1- 25xL+T) (1) xa (@) (1 — m)

’
= \/27'11 <2€+ 1— 251:——1—7“) ~q(x,y,T),

e(r,y,7,¢) = V8(¢ + 1) - yxa(ly?) (—xa([y[?)xa (2)xa (7 — m)
and we can write

2¢°q = Kb + €?



80 D. BASKIN, M. DOLL, AND J. GELL-REDMAN
and consequently,
(7.4) Hy(z= P J25¢%) = 272 J25 (kb2 + €® + O(x)) .
We then define
f(7) =dqlc = x1(r —m),
f"(T) = qﬁ\c =20+ D)1x1(T —m)
and observe that
2f f* = kb2
We define the microlocal commutant as
Qr = OPL(xi(Hl/Q)Jr,&(J) .

Lemma 7.3. For every ¢’ > 0 there exist § = 6(¢’) and ¢ € C° with ¢ =1 on (—9,9) such
that

K Ni 2 (i[Py, GyQrQrGyl) > (2 — &) f P Ni(Gy)?
Proof. The proof is almost identical to the proof of Lemma 6.7. We write
Ry = kN 20(i[ Py, G,Q:Q.Gy]) — 2r 2 f f* Ng(G,,)?
= fo,%(i[PVa chQ:QTGgO] - i[P(]? G@,OQ:QTG%O])
+ NH,QZ (Z[P07 G@,OQ:QTGQO,O]> - 2T_25fbeff(th,O)2
+ 207 f 1 (Na(Goo) = Ni(G)?) -
We use Corollary 5.16, equation (7.4), and Lemma 5.9 to obtain that R, € \P;Ci(;’c_l’o and
VR e i < CEEP ().

Since we assumed that Hy, has purely absolutely continuous spectrum near [m?, co), we can
apply Lemma 5.10 to obtain the claimed inequality. O

2

Again we choose ¢’ € (0,1/4) and 9 in the lemma above and we choose ¢ € C° with
o(s) =1 for |s| < d(e’)/2 and supp ¢ C (—d(g’),0(g’)). Define
Qr = Opy (™21, 50)G
B, = Op, (7], 5b,)Gy,
E, = OpL(m_éJr,ge)Gﬂz).
We have that Q, € 35U —°+1/2=9(X) and B,, E, € 3**WU~°/=9(X). The indicial operators
are given by

Nirgs1/2-5(Q0) (1) = 71 (1 — m) (Go) (7).

(7.5) Nito—s(Br) () = 2r°\/76(0+ 1/2)x1 (1 — m)(Gy) (7).

A

2
Nfﬂg_g(Er)(T) =0.
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Lemma 7.4. There exists F, € 335¢@—02(=0)=1 oy ch that WF

3sc

(1—¢€)B*B, < k(i[Pv,QQ,] — E*E,) + F,

(F,) € WF5..(B) and
and
F, € B(H:*71 1L?)
1s uniformly bounded as r — 0.
Proof. Using the sharp Garding type theorem, Proposition 5.18, we only have to prove that
Nut20(B; By) = 6Nt 26 (i[ Py, Q}Q:] — E}E,)

(1 — &) Ng2e(B;B,) < 6Ngoe(i[ Py, Qi Q)] — ErE,) .

The first claim follows from (7.4) and the fact that

A

Nunt 26 (i[Py, Q2 @r]) = Hy(z7 ) Nowt (G2) .
For the second equality, we observe that
Nioo(EXE,) =0
together with Lemma 7.3 implies the claimed inequality. U
We define
Q = Opy (2™ 2q) Gy,
B = Op, (z7b) Gy,
E = Op,(z7"e)Gy.

With these operators, we can now state the above and below threshold radial point estimates.
We now only assume that

(V o V*)/(QZ) c 350\110,72 )
Lemma 7.5 (Above threshold estimate). Let £, ¢ € R with £ > {' > —1/2 and let u € H%"
and assume that x=2Bu,x~?QPyu € L?>. Then Bu € L? and we have the estimate
(7.6) |Bull S [l Bul| + |2 *QPyul| + [Jull -~ -

Lemma 7.6 (Below threshold estimate). Let £ € R with £ < —1/2 and let u € H "M and
assume that x=/?Bu, z '?QPyu, Fu € L?. Then Bu € L? and we have the estimate

1Bul| S |2~ Bul| + |2 2QPyul| + || Bull + |[ull-n.-ar -

Proof of Lemma 7.5. We take § = ¢ — ¢/, so that Q, € 3°U~>¢+1/2_ As in (6.30), we have
that

2Im(Q, Py, Qru) = (i[ Py, QrQrJu, u) — (QrQ, V" + V"QrQr)u, u)
where V i= (V +V*)/2 and V" == (V — V*)/(2i) and Py = Py —iV". Since V" € #¥%2,

we have that

Fr/ — Fr + Q:QTV// + V/IQ:QT c 350\1/700,25/71
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and
|Brull® < (i[Py, QrQrlu, u) — [ Byull® + (Fru, u)
= 21m<QTPVu7 QTU> - ||E7“u||2 + <F7{u’ u>

1., _
< pl|2 2 Quul® + e V2o Pyul® + [(Flu,u)]

Taking v € (0,1) small enough we can absorb x'/2Q,u into B,u since x'/2Q), is a Oth order
multiple of B,. Hence, we have that

|Beul® < la™2Q, Prul)* + [(Flu, u)] .

By assumption the right-hand side is bounded uniformly as » — 0, and since B, — B, we
have that Bu € L?. The claimed estimate follows from a standard elliptic estimate for F:

[(Fru,w)] S a2 Bral® + Jlull-x -
0

Proof of Lemma 7.6. We use the same argument, but start with u € H " and use § =
¢ — M. Moreover, since Kk = —1 we have to keep the term || E,u|*. O

Proof of Proposition 7.1. We proceed in two steps, first we show that we can estimate the
right hand side of (7.6) by the right hand side claimed in Proposition 7.1 and then we
construct By from B such that By is elliptic at 7 = m.

Step 1: We have to show that if Byu € L?, then

[Bull S NGPyull + [[ull-n-ar -

By assumption G is elliptic on **WF'(Q) and G,z '/2Q are both of spatial order ¢ + 1.
Therefore

lz™2QPyull S |G Pyull + llull-n-ar -

By the previous lemma and a standard induction argument to replace x !B by B;, we obtain
[Bull S [|GPyull + || Byull + [[ull -~ -2 -

Step 2: Now we have to show that we can estimate
[ Boul| S [|GPyull + (| Byul| + [Jull-n.-

for some By € et with m € Ellg(By) and 3°WF'(By) C *°Ell(G). If B was elliptic at
m € W+, then we could just take By = B.
Let Q' = Op.(¢) € *¥°° with

Nip(Q)(m) = 2/m(0+1/2) - 1d
and 3**WF'(Q’) sufficiently small and set
B =B +27'Q(1d-Gy).
Then
Neo(B') = 20/7(( + 1/2)x(7 — m)Ng(Gy) + 2+/m(l + 1/2) Ng(Id =G,
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and
Ngo(B')(m) = 2/m(0+1/2) -1d .
Therefore, m € Ellg(B’). By Corollary 5.13, we have that

1B"ull < [|Bull + [l2~Q'(I1d —=G) |
SIGPvull + ([ Buull + [Jull v, -
O

Proof of Proposition 7.2. The argument is basically the same as in the above threshold case,
but we can absorb ||Byu|| into ||Eu||. More precisely, we can estimate

[Brull S G Pvull + [[Eull + [lull -y, —m

by propagation of singularities. 0

8. CONSTRUCTION OF THE CAUSAL PROPAGATORS

Using the estimates above, we can now complete the construction of the causal propaga-
tors. The argument is similar in structure to the construction done for scattering perturba-
tions V' in Section 2.8 and Section 2.9. We will now state the precise assumptions for a 3sc
perturbation V.

Let V € ppe®¥h0 such that

(1) there exist Vi € S™HR?) and C' > 0 such that for all ¢ > C' and |z/t| < C,
V(t,z) —V,(z) € =wht
and for all t < —C' and |z/t| < C,
V(t,z) —V_(2) € wbt,
(2) The imaginary part (V — V*)/(2i) satisfies
(V —V*)/(25) € 302,

(3) The Hamiltonians Hy, = A + m? + V have purely absolutely continuous spectrum
near [m?, 0o) and finitely many eigenvalues in (—oo, m?).

If the Hamiltonians Hy, have bound states we need more decay for V' — V... In that case we
additionally have to assume positivity of the Hamiltonians to conclude invertibility of P .
We construct the causal propagators, working in X spaces based on exactly the same
scattering Sobolev spaces used in the scattering setting in Section 2.8. Recall the spacetime-
dependent forward and backward weight functions €1 from Definition 2.14. In addition to
being monotone along the flow, we must have that the weight functions €. are constant
in an open neighborhood of SCT*CX . Indeed, all of our estimates over the poles are proven
with constant weights near C, and in fact we do not even define the indicial operator in the
presence of variable weights. Note that we can take £+ € C*°(X) i.e. a function on spacetime,
which is constant in neighborhoods of both past and future causal infinity, as discussed in
the proof of Proposition 2.5. Note that this cannot be achieved for the Feynman weights,
since they have to satisfy £ > —1/2 at NP N {r = —m} and £ < —1/2 on NP N {7 = m}.
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We fix s € R and admissible forward and backward weights £, £_. Define
Xt = {u € HS%: Pyu € HETVETY
ys,éi — Hs,li )
Remark 8.1. Note that these X% spaces depend on V, but we do not include this in the
notation. However, if W € 3°¥b~1 then
W - Hs,ei — Hs—l,ei—&—l,
hence X**+ only depends on V..

The first theorem is for the case that Hy, have no eigenvalues.

Theorem 8.2. Let V € pe® W0 satisfying (1), (2), and (3) above. If the Hamiltonians
Hy, have no discrete spectrum, then the mapping

PV . XS,LL ys—1,€++1

is invertible and its inverse is the forward propagator in the sense of (1.2). The same is true
for the backward propagator with £ replaced by £_.

In the case that the Hamiltonians Hy, have discrete spectrum we have to strengthen
the assumptions on the decay of V — V,.: To simplify our exposition, we make the further
assumption that, as ¢ — 400, for VL the asymptotic values of V' in Section 3.4, we have an
additional order of spacetime decay,

Theorem 8.3. Let V € pue>°UL0 satisfying (1), (2), and (3). Assume that ast — +oo we
have

(8.1) V= Vi(z) € Bepl—2 (R,
Then the mapping
(8.2) Py X5t —y st
s Fredholm.

Moreover,

(1) if Hy_ is positive, then (8.2) is injective and
(2) if Hy, is positive, then (8.2) is surjective.

If Hy, are both positive, then Py is invertible and its inverse is the forward propagator in
the sense of (1.2). The same is true for the backward propagator with £, replaced by £_.

Finally, if V' is static we can drop the assumption of no decaying modes.
Theorem 8.4. Let V =V (z) € S72(R?) with (2) and (3), then
PV: Xs,£+ N ysfl,8++1
15 1nvertible.

Remark 8.5. The conclusions of the three theorems remain true if D7 — A, is replaced by
0, for a non-trapping, asymptotically Minkowski perturbation g.
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8.1. Assuming no bound states. We start by proving Theorem 8.2. The assumption that
there are no eigenvalues in (—oo, m?) implies that

(8.3) (—m,m) C Ellg(Py).

Indeed, recalling (P )g(7) = 72 — (A, + m2 + V,.(2)), we see that for |7| < m, (Py)g(7) is
scattering elliptic. Thus (see Section 4.6), for |7| < m, we have that 7 € Ellg(Py) if and only
if 72 — (A, +m?+ V) is in fact invertible. Thus, ellipticity of Py at 7 € Wt N (—m,m) is
equivalent to the non-existence of a bound state of A + V. with energy E = 72 — m?. Thus
in this section we will have (8.3) at both NP and SP.
For u € S(R"*!), define

(8.4) E,(t) = % |0u? + |Voul* + (Vu)u + m*u*dz > c(t) lu(t, 2)|*dz,

Rn R®
where c(t) is the minimum of o(A +m? + V (¢, 2)). If there are no bound states of V_, then
o(A+m?+V_) > cy > 0, so by the Kato-Rellich theorem, there is ¢y such that for any
t < to, Eu(t) > (c — d)||ul|?, which is to say in particular that F,(t) > 0 for ¢ sufficiently
small. The same goes for ¢t — 400, so E,(t) > 0 for any [t| > ¢, > 0.

We first prove that Py : X% — Ys~14++1 is a Fredholm mapping. Again this reduces to
showing the analogue of (2.33), namely that for any N, M, s € R, there is C' > 0 such that,
provided all quantities are finite,

(8.5) ulls.e, < C (|Prulls—1e,41 + [[ull—n,-ar) ,
ulli—s—1-e, < C ([[Pvull—s—e, + [Jull-n—n)

Again, these estimates imply the Fredholm property by a standard argument.
To obtain them we again argue as in Section 2.8. We choose an open cover Oy, Oy, O3, 0,

of the compressed cotangent bundle T X. Note here that, due to our assumption of no
bound states, ¢ Char Py, = 3¢ Char P,.

(1) RE. Cc O; C {€, = —1/2 + €}, in particular £m € O, N W+ over SP.

)
3) 3sc CharPV Cc O,U0Oyx U 03.

4) O3 N3 Char Py is controlled along *H, by O,
5) Oy \ R/ is controlled along *°H by Os, and

6) Oy C 3°Ell(Py).

this context, the meaning of item (3) is that, away from C, the standard characteristic
set 72 — [¢|? — m? lies in O; U Oy U O3, while over C,

[—00, —m] U [m, +o0] € O; U0, UOs N WL

In fact, we will choose Oy, O5, O3 such that, for some € > 0,

(8.6) (—m —¢e,—m+¢e)U(m—e,m+e) =0, NW* over SP
(8.7) (—m —€e,—m +€) U (m — e,m + €) = O, N W+ over NP
(8.8) [—00, —m — €/2) U (m + €/2, +00] = Os N W< over both SP and NP.

In particular, O; and O, will be small neighborhoods around R over SP and NP respectively.
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The meaning of (4) must now be understood in *7°X, in the sense that any point 7, €
WL NO; over, say, SP, corresponds to all points 73 — |¢|> — m? = 0 over SP, and the control
assumption implies that for any such (, there exists some point ¢ € T X such that for some
s € R: (1) expuyy, (5q) = (SP, 79, () and (2) either ¢ € O; N (T X\ *TgpX) or g € *TepX
and 7(q) € O;. Similarly for Oy being controlled by Os.

Such a collection O1, 04, O3, 04 of open sets can be constructed as follows. Our O must
be a set which contains the SP radial sets and +m € W= over SP. For this we can take,
near SP, a set of the form (—m — ¢, —m+¢) U (m —e,m+¢) C W over SP, union with the
set in T X \ *TgpX:

o Jttir=m < epJ ({ 'fg" < } N0 > 1/e})
([t <-1/e.0 <]yl <e}.

This is a union of a basic neighborhood around 7 = +m in the uncompactified 7*X union
with an open set around the limit points of 74 m on the fiber boundary, all localized near SP
by the intersection in the second line. We take the union of this with an open set containing
RP away from SP, for example with the coordinate function w which defines the radial set
(see (2.25)), simply taking

(8.10) {lw] < e} [ [t < —1/e. |yl > ¢/2}

works. For O, we define the set in the exact same way but near NP.

For O3 we will take an open neighborhood of 3¢ Char(Py) in the complement of O; U Os.
Again we can be explicit. We take O3 to be as in (8.8) on W+ over both C, thus nearby Os
we take as in (8.9), namely with identical to (8.9) except with {|7 £ m| > €/2} in the first
term. Doing the exact same over NP, we take the union of these with a small neighborhood
of #¢ Char(Py) from the radial sets and the poles, for example, with

{lwl > ¢/2} (V{lyl > ¢/2} [ loweo(Pr)] < €}.

Then O4 we take any open neighborhood of the closure of the complement O; N Oy N Os.
Necessarily O, C *°Ell(Py).

Note that, due to the nature of *T" X and, correspondingly, 3sc-ellipticity, the sets Oy and
O3, for example, necessarily overlap at the intersection of the closures of {r = +m} with
the fiber boundary. This is simply because all closures of sets of the form {7 = ¢} intersect
over the fiber boundary at the “fiber equator”.

Keeping this in mind, we now choose a collection By, By, B3, By € W00 (in fact in 5¢W00)
with

(8.11) BWF'(B;) C O;

as in Section 2.8. Due to the overlap just described, the conditions 3**WF'(B;) C O; are
ambiguous, in that they do not indicate the behavior of the B; at the fiber equator above
C. To clarify this, we take the approach that we require that

4
(8.12) Csee[ X C) C | P EI(By),

=1
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meaning each point in Cae[X; C]X is is in the elliptic set of some B; (4.30). Over SP or NP,
since ellipticity at 79 € W+ requires ellipticity of the symbol out to fiber infinity over 7 = 79,
the condition is incompatible with the B; forming a partition of unity. Note however that
any collection B; satisfying (8.12) gives the “same control” as a partition of unity, namely,
for any N, M € R, and any s, ¢,

(8.13) [ulls.e S 1 Brullse + | Baullse + [ Bsulls.e + (| Baullse + [l -n-n

(Indeed, in that case Y, B B; is globally 3sc-elliptic and (8.13) follows from the Fredholm
property for globally 3sc-elliptic operators and boundedness of B.)

To construct such B; which satisfy both (8.11) and (8.12) we can use cutoff functions
and the expressions for the O; above. For example, we can take B; = Op,(x;) with
x1: *T"X — R identically 1 on sets of the forms (8.9) and (8.10) with the e replace
by a smaller ¢ > 0, and with support in the union of (8.11). Such By has Ng(B;)(r) = Id
for € [-m —¢€,—m+€]U[m — €, m+ €] and indeed R? C *°Ell(B;). We define By and
B3 similarly.

Deducing the estimates in (8.5) for u using the B; now follows exactly along the lines
of the deduction in Section 2.8, by obtaining estimates exactly as in (2.34) - (2.37) with
Py replacing Py. Thus, again, u € X**+, then u is above threshold near R, now in the
3sc-sense. That is:

(1) Putting together Proposition 2.11 and Proposition 7.1, we obtain (2.34) (with Py
replacing Py) with the same £ < £, and —1/2 < £ < £,.

(2) Again, since *“WF’(Bj) is controlled by 3°Ell(B;), by Proposition 6.1 we have (2.35)
(Wlth Pv)

(3) By Proposition 2.13 and Proposition 7.2 we have the below threshold estimate for
Bs in (2.36), and

(4) We have the 3sc-elliptic estimates so by Proposition 4.20 we obtain (2.37) (with Py ).

Since we control u by the B;u via (8.13) we again obtain the Fredholm estimates in (8.5),
the second estimate being deduced by applying the above and below threshold estimates to
the opposite radial sets. We again can absorb the £ term on the left by using (2.38). Thus
the operator in (8.2) is Fredholm.

To see that Py is invertible under the given assumptions, we need only check that its
kernel and cokernel are zero. Distributions

u € ker (PV: Xt ys—1,£++1)

must, thanks to the above threshold radial points estimates, in fact be rapidly decaying
along with all their derivatives to the past. Using the energy F,(t) and a standard Grénwall
argument gives that u(t,z) = 0 for ¢t > 0. Indeed, dE,(t)/dt < k(t)E,(t) where k(t) =
O(1/|t])? as t — —oo. Since E,(t) — 0 as t — —oo the differential Gronwall inequality
shows that F,(t) = 0 for t < 0. By the positivity of the energy, we obtain that u(¢) = 0 for
t < 0. Then uniqueness of solutions to the Cauchy problem shows u = 0 globally.

The cokernel of (8.2) can be identified with

ker (PV* : Xlis’ilieﬁ' - y*S,*Z-;_)

and the same argument but using the energy estimates at ¢ — 400 shows the cokernel is
Zero.



88 D. BASKIN, M. DOLL, AND J. GELL-REDMAN

We have shown that Py : X% — Ys~L&+! for any s € R and admissible forward
weight £, is invertible. Indeed the value of the inverse mapping is independent of the

specific choice of s and £,. To see this, let s € R and £, an admissible weight and given
fe sttt q g S et wo€ 9% and o € X8 with Pyu = f = Pyu/’. Then
u—u € X% for some 5 € R and £, admissible forward weight. Then Py (u — /) = 0 and
therefore u = u'.

Thus, we can unambiguously speak of the inverse of Py, which we denote by (Pv)f_oi. The

fact that (Py);. satisfies the forward condition, (1.2), follows again from energy arguments.
Indeed if f € H: U4+ and supp f C {t > T}, then u = (Py);.f satisfies the above
threshold estimates at RP and thus is a Schwartz function as t — —oo and the same energy
argument shows that suppu C {t > T'}.

8.2. With bound states. In this section, we prove Theorem 8.3 and Theorem 8.4. We make
appropriate adjustments to the above propagator construction to include the possibility that
there are bound states of the Hamiltonian A + m? + Vi with (negative) energy bigger than

0. Such states appear as elements in the kernel of (ﬁ‘\/)H(T) for 7 € (—m,m).
In discussing bound states, it is useful to distinguish the behavior of P, at NP and SP, so
for the remainder of this section we include the pole in the notation for the indicial operator:

(ﬁ‘\/)ﬂ‘7+(7—> = indicial operator of Py at NP,
while (]/3‘\/)5,,(7) is the indicial operator at SP. Similarly we write
Wi = W+ over NP
and W+ = W+ over SP. Recall that, by scattering ellipticity, for || < m,
(Py)gs(r)w =0 = w € S(R"),
and thus by self-adjointness of (ﬁ/)ﬂi(T),
(8.14) 7 € Ellg(Py) < ker((Py)g.(r)) = {0}.
We therefore have the elliptic estimate for P, over ff.
Lemma 8.6. Let K C (—m,m) C Wi be a compact set such that
(8.15) re K = ker((Py)g. (7)) = {0}.

Then there is Q € 3°WOOR™) with K € Ellg(Q) such that for any M, N € R, s,{ € R,
and any Q' € ¥WOO(R™) with 3*WF'(Q) C *EI(Q") N*°Ell(Py), there is C > 0 such
that,

1Qullse < C(|Q Prulls—z2. + l[ull-n,-a1) -
The same goes near SP with the relevant +’s replaced by —s.

Proof. This follows immediately from Proposition 4.20 and the fact that K C Ellg(Py). O

It is possible that there are finitely many points 79 € (—m, m) such that (f)‘\/)ﬁ(m) is not
invertible, and the remainder of this section proves estimates near such 7, € W+,
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First we establish some notation. Let A\(7) := v/m? — 72, define the eigenspace (set of
bound states) of A, + Vi(z) at frequency A:

B (A(r0)) = ker (P ) (ro): Bt () — H(1))

Thus E, (A(79)) is the collection of bound states of A, + V, with frequency A(7). Again,
EL(\(1)) € S(R™), so the eigenspace is independent of s, /. We define the set of 7 values
of bound states:

(8.16) By C{re€(—m,m): EL(\(1)) # {0}}
As discussed above, we assume that By 4 is finite, and
(8.17) 0¢& By,

i.e. A, +m?+ V,(2) has no eigenvalue at zero.

Our theorem for the causal propagators in the presence of bound states will follow the
statement and proof of Theorem 8.2 closely; we show that the same mapping (8.2) is Fred-
holm, and then prove under additional assumptions on decaying modes that it is invertible.

The theorem is proven at the end of this section using the additional estimates proven
near By 4 in Proposition 8.7.

We now fix 79 € By,. There is therefore w € E(A(7)) with w # 0 and we therefore have
the oscillatory solution

Py, (e*™) = 0.
Since w C S(RY), this implies
eiimtw(z) c Hso:,—1/2—e(Rn+l)‘

for any € > 0 but not for ¢ = 0. We therefore expect a spacetime weight threshold of —1/2
also for estimates localized near By ;.

Near 7y € W+, we will prove estimates with a spacetime weight loss identical to those in
the radial points estimates above. We will see that this is a consequence of the fact that our
approximate projection onto the solutions €”™w(z) intertwine Py with D? — 73 to leading
order. Our main result will be the following.

Proposition 8.7. Assume that (8.1) and (8.17) hold. Then for any € > 0, there exists
Q € 3 WOYR™) such that

(8.18) [—m +¢e,m — €] C Ellg(Q),
and for any G € 3000 with 3°WF'(Q) C *°Ell(G), then for s,{, N,M € R, we have the

following estimates.

If { < —1/2, there is C > 0 such that, if Qu € HE(R"M) and GPyu € HE 2 (R,
then
(8.19) 1Qulls.e < C(I[GPyulls—2e41 + [lull-n—n).

If ¢ > —1/2, and V' € R has £ > (' > —1/2, then there is C' > 0 such that, if Gu €
H VY (R™Y) and GPyu € HE 2 (R, then Qu € HS' and
(8.20) |Qulls,e < C(|GPvulls—2,001 + [Gulls—2e + [Jull-n,-n)-

The proposition follows from the elliptic regularity estimates in Lemma 8.6, and the fol-
lowing lemma, which is simply Proposition 8.7 microlocalized near a fixed 7y € By 4.
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Lemma 8.8. Let 79 € By, i.e. let 79 € (—m,m), 79 # 0 and E;(\(10)) # {0}. For any
Q € 3OO (R™) with 7y C Ellg(Q) and **WF'(Q) sufficiently small, for any, G € 3°U
with **WF'(Q) C *°Ell(G), then for s,{, N, M € R, the estimates in Proposition 8.7 hold.

The lemma is proven at the end of this section.

The proof proceeds by approximating projection onto the solutions €™ E, (\(7p)). If
I1,, = I1,, (2, 2') is the integral kernel of orthogonal projection in L*(R?) onto F, (A(1)), i.e.
for some orthonormal bases {w;}}_; of E,(A(7)),

ij ) e S(R" x R™),

then e!*"¥)I1_ (z, 2') is the integral kernel of this projection. However, as we will see below,
e t=Im0TL (2, 2') is not the integral kernel of a 3sc-PsiDO.

We proceed by smoothing in ¢ in addition to projecting onto F (A(7p)); that is, we project
onto a small 7-window around 7y on the ¢-Fourier transform side. Let x>, € C*°(R) be a
bump function supported near +oo with x> (t) = 1 for t > t5 — 1 and x4, (t) = 0 for
t <to—2, and let x,, € C°(R;) be a bump function supported near 7y, so x,(7) = 1 for
|7 — 70| < ¢ and x.,(7) = 0 for |7 — 79| > 26. Consider the operator defined by the integral
kernel which: (1) cuts off to large time, (2) localizes in the t-momentum variable around 7,
(3) projects onto E (\(1)):

(8'21) KT()(t? 2 t/7 Z,) = X2t0<t) ’ H © ‘FT—nt © XTO(T) ' ‘Ft’—W O X>tg (t/)
1 [ s
(8.22) =5 [T (1) X (1) Ty (2, ) - X ()

This K,, will be used as a stand-in for projection onto e™*E, (\(79)) near t = +oo.

Lemma 8.9. For 0 > 0 sufficiently small in the definition of xr,,

(8.23) K., €300 and (K,))a() = X, ()L,
and
(8.24) SWEF [Py, , K,y = @.

Proof. Proving that an operator lies in *“¥ can be done using the double space characteri-
zation in Section 3 of [36], but we argue directly using our work above. First we note that,
for any y € C2°(R), the operator without the time cutoffs:

(8.25) K, = / T (1) - T,y (2, ) dr

is a 3sc-operator since Il,,(z,2) € *W~°0~°(R") in fact K, = Op, (k) for k = x(7)a(z,¢)
with a € S(R? x R?). This shows directly that K, is in *°¥% and has indicial operator
as in (8.23). Then multiplying on the left by x>, (t) gives an operator Op (x>, (t)k) which
remains in W00 since k is rapidly decaying in z. The adjoint of that operator K, x>, is
thus also in *°W%% Then K, itself can be expressed as a composition XZtof()a o ~x2X2t0
where Y1 = Xr, and X2Xr, = Xr, and is thus in 3°W%0  The indicial operator statement
follows from the composition and adjunction properties of indicial operators.
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Finally, [Py+, K| = 0 for any x. Since [Py, , K| differs from [Py+, K, ] only by terms
with derivatives falling on x>, (t), the commutator [Py, , K] is microsupported on

Xot, (1) C {t € [to — 2, t0]},

but then x%, (t)Il;, has symbol which is rapidly decaying to the spacetime boundary, so
(8.24) holds. O

We will use the approximate projection K, mainly by exploiting the following feature.

Corollary 8.10. 7y € Ellg(Py + K,).

Proof. This follows directly from (PV/+7(TO)3(TO) = (]/3‘\/)5(7'0) + I1,,, since I, is exactly
projection onto the kernel of the self-adjoint operator (Py)g (7). O

To obtain estimates for Pyu near 7y € W=, we first use the elliptic estimates for P, + K,
near 79 € W+, namely, that for any Q,G € 3°U%0 with 7, € Ellg(Q) and 3*WF'(Q) C
SCEI(G) N3EN(Py + K,,), for any M, N € R there is C' > 0 such that

|Qullsrar < CUIGPY + Kx)ullse + [[ull-n-ar)

8.26
(8:26) < ClGPvullse + 1GKyullse + [Jull-x.-n)-

What we will show below is that, off the spacetime weight ¢ = —1/2, for () with sufficiently
small support around 7, € W+, that the Kyu term on the RHS can be bounded by Py u.
This will follow by applying ODE techniques to the easily verified formula

(8.27) Py, Kyu= (D} — 73)Ku+ Ru

where R € 35U~ {0 obtain estimates for K, u in terms of Py, K, u. Then using (8.24)
we will remove the K u from (8.26) entirely. Then applying ODE methods to the first term
on the RHS, or using a positive commutator argument akin to that of Section 7, we obtain
the following lemma.

Lemma 8.11. Let ¢ € R. Provided { < —1/2, for any so, M,N € R there is C' such
that, if Kyyu € HS' and Py, Kyyu € HS then for Q, Q' € U with 7o € Ellg(Q) and
BWEF'(Q) C 3EN(Q’), we have Kyu € H" and Py, K, yu € H | and

(8'28) ||QK’TOUHSO,£ < O(||Q/PV+KTOUHS7€+1 + HUH—N,—M)'

The same is true if, in the definition of K,,, the projection Il is replaced by orthogonal
projection onto any subspace of Ey(A(19)).

If instead ¢ > —1/2, for any so, M, N € R there is C such that, if K;yu € H%' and
Py Ko ue HEL possibly after taking X, in Ky, with smaller support, we have K, u € H*
and Py, K;u € H and £ > 0 > —1/2,

(8.29) QK ullso.e < CUIQ" Py, Kryulls.eva + [lull-ne)-

The same is true if, in the definition of K,,, the projection Il is replaced by orthogonal
projection onto any subspace of Ey(A(1o)).

With the lemma, we can now conclude the proof
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Proof of Lemma 8.8. From (8.26) and Lemma 8.11, treating ¢ < —1/2 first, we take Q,G
and G’ with 3**WF'(G) C *°Ell(G’) to obtain

1Qulls+2.0 S NG Pvullse + [|GEullse + ([l -n,-m
SNGPrullse + |G Pr, Kyyulls,eer + [Jul|-n-ar
SNGPvullse + |G Koy Py ullsen + [|ul|-n—nm
SNGPvullse + |G Ky Prulls e + |GE (Pr — Py ulls e + [[ull-n-ar s

where we used [Py, , K] € U~ in the fourth line.

The first two terms may both be bounded by G” Pyu for G” with **WF'(G)U**WF'(G’) C
#CEl(G") by choosing **WF'(K,) sufficiently small. Moreover, P, — Py, = —(V —V,) and
therefore by (8.1) the third term is controlled by ||u||-n¢—1 for any N, and we obtain overall
that there is C' > 0 such that, if all the terms below are finite, then we have an estimate

1Qullss2e < |G"Prullse + |G ull—n,e—1 + llull -1 -

Iterating this estimate allows us to drop the » — 1 term on the right.
The proof for £ > —1/2 is similar. O

We can now use Proposition 8.7 and the arguments in Section 8.2 to prove Theorem 8.3.

Proof of Theorem 8.3. That Py acting in (8.2) is Fredholm follows exactly as in the proof of
Theorem 8.2 using exactly the same methodology, adding in Bj . elliptic on (—m + ¢, m —
¢') C Wi and the estimates in Proposition 8.7.

The injectivity follows from exactly the same energy estimate argument, and the surjec-
tivity is that same energy estimate argument applied to the adjoint.

The property (1.2) follows from the same argument as in the proof of Theorem 8.2. [

Proof of Theorem 8.4. For static V' = V(z), the Fredholm statement holds even in the pres-
ence bound states with energy less than —m?. The fact that there are no elements in the
kernel can be concluded directly from seperation of variables since on the finite family of

eigenfunctions Hy the solutions are explicit and orthogonal to this family the energy argu-
ment holds. U

INDEX OF NOTATION

e S is Schwartz functions, S’ tempered distributions

e (' is smooth and compactly supported

e C*°(M) for a manifold with corners M is the space of smooth functions which vanish
to infinite order together with all their derivatives at the boundary

e 0(A) the spectrum of an operator A

e < used in an inequality when an unspecified positive constant is needed on the right
hand side

e Hy = A+ m?+V, the Hamiltonian, for V possibly time-dependent, page 3

e Py := D? — Hy, the Klein-Gordon operator, page 3

o HEE(R™MY) Yot Xs¢ the weighted L2-based Sobolev spaces and the a priori spaces,
page 5

e [y, the free Klein-Gordon operator, page 9

o Diff] and Diff"" the scattering differential operators, page 10

e X the radial compactification of Rﬁjl, page 11
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seT* X, 5T X the scattering cotangent and its fiber compactification, page 11

Phase, Phb, boundary defining functions for e X , page 12

Jse.mr(A) the scattering principal symbol, page 12

Usc,m,r(A)7Nsc,m,l(A) the fiber and normal components of the scattering principal
symbol, respectively, page 12

seS™T( X)), scattering symbols, page 12,

seg™T of scattering operators, page 12,

C.(X) the boundary of *T" X page 12

WEF'(A) the scattering operator wavefront set, Section 2.3

Ell(A) the scattering elliptic set, Section 2.3

Char(A) = Ci(X) \ Ell(A), the characteristic set of A, Section 2.3

H, and *°H,, the Hamilton vector field and its rescaling, equations (2.17) and (2.18),
page 14

R the radial set, and Ri, RY its four components, page 15 and below

£ variable order spacetime weight, Section 2.4

L. forward and backward weights, Section 2.8

Vi(z) = limy—oo V(t), the limiting potential, Section 3.4, similarly for V_

C C X, the “poles”, C'= NP USP, page 28

[X; C] the blow up of the poles in X, page 28

B¢ the blow down map, page 28

Diff5"" the 3sc-differential operators, page 29

3T+ X; C), 3T [X; C] the 3sc-cotangent bundle and compactification, page 30,

Pt Pmf, Pab » boundary defining functions for BT X page 30

W, the lines of 7 over the poles, page 31

7o 3TE X — W+ the projection on W, page 31

fibeq the fiber equator, page 31

segmr(X), 3sc-symbols, page 34

3segmr the 3sc-operators page 34

NH(A) = Ag and foJ-(A) the indicial operators, page 37

ag the weighted front face restriction, page 38

Jsse.mr(A) the principal symbol, equation (4.12), page 40

Osse,mr(A) the fiber symbol, Nmf,mvr(A) the “main face” symbol (restriction to the
spacetime boundary), page 40

\Ifgzlrsf L1/ the two-sided semiclassical scattering operators, page 40
UH . the upper half of fiber infinity over ff, page 45

H;;f the semiclassical Sobolev spaces of order s, ¢, page 46

W the compactification of W+, page 46

e X, ST X is the compressed cotangent bundle and its compactification, page 47
7+ the projection to SCT*X, page 47

Clsse[X; O], Cse[X; C), equations (4.29) and (4.30), page 47

V3sc, Page 47

3WEF'(A) the 3sc-operator wavefront set, Definition 4.17, page 48

3¢Ell(A) the 3sc-elliptic set, Definition 4.18, page 49

3¢ Char(A) the 3sc-characteristic set, page 49

Gly0, functional localizer, equation (5.1), page 53
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Gy, functional localizer, Definition (5.6), page 56
Tx,r, page 65

¥, equation (6.2), page 66

X0, X1 special cutoff functions, page 68

REFERENCES

D. Baskin and K. Datchev. Propagation of singularities for the wave equation. In David R. Wood, Jan
de Gier, and Cheryl E. Praeger, editors, 2021-2022 MATRIX Annals, pages 275-286. Springer Nature
Switzerland, Cham, 2024.

D. Baskin, A. Vasy, and J. Wunsch. Asymptotics of radiation fields in asymptotically Minkowski space.
Amer. J. Math., 137(5):1293-1364, 2015.

D. Baskin, A. Vasy, and J. Wunsch. Asymptotics of scalar waves on long-range asymptotically Minkowski
spaces. Adv. Math., 328:160-216, 2018.

I. Bejenaru and S. Herr. The cubic Dirac equation: small initial data in H'(R3). Comm. Math. Phys.,
335(1):43-82, 2015.

K. Datchev and S. Dyatlov. Fractal Weyl laws for asymptotically hyperbolic manifolds. Geom. Funct.
Anal., 23(4):1145-1206, 2013.

K. Datchev, S. Dyatlov, and M. Zworski. Sharp polynomial bounds on the number of Pollicott-Ruelle
resonances. Ergodic Theory Dynam. Systems, 34(4):1168-1183, 2014.

M. Dimassi and J. Sjostrand. Spectral asymptotics in the semi-classical limit, volume 268 of London
Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1999.

J. J. Duistermaat and L. Hérmander. Fourier integral operators. II. Acta Math., 128(3-4):183-269, 1972.
F. Faure and J. Sjostrand. Upper bound on the density of Ruelle resonances for Anosov flows. Comm.
Math. Phys., 308(2):325-364, 2011.

Ch. Gérard and M. Wrochna. The massive Feynman propagator on asymptotically Minkowski space-
times. Amer. J. Math., 141(6):1501-1546, 2019.

V. Guillemin and D. Schaeffer. On a certain class of Fuchsian partial differential equations. Duke Math.
J., 44(1):157-199, 1977.

N. Haber and A. Vasy. Propagation of singularities around a Lagrangian submanifold of radial points.
Bull. Soc. Math. France, 143(4):679-726, 2015.

D. Héfner, P. Hintz, and A. Vasy. Linear stability of slowly rotating Kerr black holes. Invent. Math.,
223(3):1227-1406, 2021.

A. Hassell, R. B. Melrose, and A. Vasy. Microlocal propagation near radial points and scattering for
symbolic potentials of order zero. Anal. PDE, 1(2):127-196, 2008.

P. Hintz. Gluing small black holes along timelike geodesics I: formal solution, 2023. arXiv:2306.07409.

P. Hintz. Linear waves on asymptotically flat spacetimes. I, 2023. arXiv:2302.14647.

P. Hintz. Microlocal analysis of operators with asymptotic translation- and dilation-invariances, 2023.
arXiv:2302.13803.

P. Hintz. Local theory of wave equations with timelike curves of conic singularities, 2024.
arXiv:2405.10669.

P. Hintz and A. Vasy. Semilinear wave equations on asymptotically de Sitter, Kerr—-de Sitter and
Minkowski spacetimes. Anal. PDFE, 8(8):1807-1890, 2015.

P. Hintz and A. Vasy. The global non-linear stability of the Kerr—de Sitter family of black holes. Acta
Math., 220(1):1-206, 2018.

P. Hintz and A. Vasy. Microlocal analysis near null infinity in asymptotically flat spacetimes, 2023.
arXiv:2302.14613.

L. Hérmander. On the existence and the regularity of solutions of linear pseudo-differential equations.
Enseign. Math. (2), 17:99-163, 1971.

S. Klainerman. Remark on the asymptotic behavior of the Klein-Gordon equation in R"*!. Comm.
Pure Appl. Math., 46(2):137-144, 1993.

A. 1. Komech and E. A. Kopylova. Weighted energy decay for 3D Klein-Gordon equation. J. Differential
Equations, 248(3):501-520, 2010.



CAUSAL PROPAGATORS FOR THE KLEIN-GORDON EQUATION 95

[25] E. A. Kopylova. Dispersion estimates for the Schrodinger and Klein-Gordon equations. Uspekhi Mat.
Nauk, 65(1(391)):97-144, 2010.

[26] E. A. Kopylova. On dispersion decay for 3D Klein-Gordon equation. Discrete Contin. Dyn. Syst.,
38(11):5765-5780, 2018.

[27] E. A. Kopylova and A. I. Komech. Long time decay for 2D Klein-Gordon equation. J. Funct. Anal.,
259(2):477-502, 2010.

[28] H. Kubo and S. Lucente. Note on weighted Strichartz estimates for Klein-Gordon equations with po-
tential. Tsukuba J. Math., 31(1):143-173, 2007.

[29] L.-E. Lundberg. Spectral and scattering theory for the Klein-Gordon equation. Comm. Math. Phys.,
31:243-257, 1973.

[30] R. Mazzeo. Elliptic theory of differential edge operators. 1. Comm. Partial Differential Equations,
16(10):1615-1664, 1991.

[31] R. B. Melrose. The Atiyah-Patodi-Singer index theorem, volume 4 of Research Notes in Mathematics.
A K Peters Ltd., Wellesley, MA, 1993.

[32] R. B. Melrose. Spectral and scattering theory for the Laplacian on asymptotically Euclidian spaces. In
Spectral and scattering theory (Sanda, 1992), volume 161 of Lecture Notes in Pure and Appl. Math.,
pages 85—130. Dekker, New York, 1994.

[33] R. B. Melrose. Geometric scattering theory. Stanford Lectures. Cambridge University Press, Cambridge,
1995.

[34] C. S. Morawetz and W. A. Strauss. Decay and scattering of solutions of a nonlinear relativistic wave

equation. Comm. Pure Appl. Math., 25:1-31, 1972.

5] E. Sussman. Massive wave propagation near null infinity, 2023. arXiv:2305.01119.

6] A. Vasy. Propagation of singularities in three-body scattering. Astérisque, 262:vi+151, 2000.

7] A. Vasy. Propagation of singularities in many-body scattering. Ann. Sci. Ecole Norm. Sup. (4),

34(3):313-402, 2001.

[38] A. Vasy. Microlocal analysis of asymptotically hyperbolic and Kerr-de Sitter spaces (with an appendix
by Semyon Dyatlov). Invent. Math., 194(2):381-513, 2013.

[39] A. Vasy. Microlocal analysis of asymptotically hyperbolic spaces and high-energy resolvent estimates.
In Inverse problems and applications: inside out. II, volume 60 of Math. Sci. Res. Inst. Publ., pages
487-528. Cambridge Univ. Press, Cambridge, 2013.

[40] A. Vasy. A minicourse on microlocal analysis for wave propagation. In Asymptotic analysis in general
relativity, volume 443 of London Math. Soc. Lecture Note Ser., pages 219-374. Cambridge Univ. Press,
Cambridge, 2018.

[41] A. Vasy and M. Zworski. Semiclassical estimates in asymptotically Euclidean scattering. Comm. Math.
Phys., 212(1):205-217, 2000.

[42] R. A. Weder. Scattering theory for the Klein-Gordon equation. J. Functional Analysis, 27(1):100-117,
1978.

[43] M. Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics. American Mathe-
matical Society, Providence, RI, 2012.

Email address: dbaskin@math.tamu.edu

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TX 77843, USA
Email address: moritz.doll@unimelb.edu.au

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF MELBOURNE, VIC 3010, AUSTRALIA
Email address: jgellQunimelb.edu.au

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF MELBOURNE, VIC 3010, AUSTRALIA



	1. Introduction
	Outline of the paper
	Acknowledgements

	2. The model case
	2.1. Outline
	2.2. The scattering calculus
	2.3. Elliptic estimates
	2.4. Variable weight spaces
	2.5. Hamiltonian flow and radial sets
	2.6. Propagation of singularities in the scattering calculus
	2.7. Radial points estimates
	2.8. Weight functions, Fredholm estimates, and propagators
	2.9. Scattering perturbations

	3. Asymptotically static potentials
	3.1. The resolution of X
	3.2. 3sc-differential operators
	3.3. 3sc-geometry
	3.4. Asymptotically static potentials V and generalizations

	4. The three-body scattering calculus for Klein-Gordon
	4.1. 3sc-pseudodifferential operators
	4.2. The principal symbol and the indicial operator
	4.3. Commutators
	4.4. The indicial operator as a semiclassical scattering operator
	4.5. Wavefront sets and elliptic sets
	4.6. Elliptic regularity

	5. Functional calculus, commutators, and special symbol classes
	5.1. Functional calculus
	5.2. Further elliptic regularity near C
	5.3. Localization near the characteristic set
	5.4. Gårding type theorems

	6. Propagation estimates over C
	7. Radial point estimates over C
	8. Construction of the causal propagators
	8.1. Assuming no bound states
	8.2. With bound states

	Index of Notation
	References

