MATH 623: DIFFERENTIAL GEOMETRY II

DEAN BASKIN

1. INTRODUCTION

This is the second semester of a two-semester graduate course providing an introduction
to differential geometry. The second semester is primarily a study of Riemannian manifolds
with a focus on curvature. At the end of the course, we may go in different directions
depending on the interests of the class. Possible directions include comparison theorems,
principal bundles and the Atiyah—Singer index theorem, Lorentzian manifolds, the Hodge
theorem, or the Chern—Gauss—Bonnet theorem.

The topics roughly covered (updated later based on course interest) include:

Make sure to add topics!

2. PRELIMINARIES AND REVIEW

Recall from last semester (or your previous experience) the notions of smooth manifold,
the tangent and cotangent bundles of a smooth manifold, and tensor fields. Put in definitions
to refresh! Maybe recall how to work with the objects!

Sections. Diffeomorphisms.

In coordinates (z',...,2™) on a patch U of M, recall that %, ce a% form a basis for
T,M for each p € U.

The following characterization of tensor fields is so useful, let’s just get it out of the way.

Lemma 1. Suppose T : X x - x X x Q x---x Q! — C>(M) is an R-multillinear function
of k wvector fields and ¢ 1-forms (covector fields). Then T arises from a (¢, k)-tensor field T
if and only if T is multilinear over C*°(M) in each of its arguments, e.g.,

T(fX1,..., Xpwi,...,w)(p) = fO)T (X1,..., Xp,wi,...,we) (p).

Proof. Given a (£, k)-tensor field T, we form T from it by evaluating at each point. We then
have

T(be cee 7Xk7w17 s 7wé) (p) = Tp (f(p>X1,pa s 7X/€,p7w1,pa s 7wf,p)
=f)T (Xips- s Xip,Wip, .-, Wep)
f(

p)T (Xb s 7Xk7w17 s 7w£> (p)

For the other direction, let’s just do the case of T : X — C°°(M). (This contains the main
idea; the general case is an exercise in careful bookkeeping.) Suppose for all f € C*®(M)
and X € X (M) we have

T(fX)(p) = f(p)T(X)(p).

1
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Our aim is to show that T arises from a 1-form w. Let’s start by defining the purported
1-form. Given p € M and v € T,M, choose an X € X (M) so that X, = v. We define

wy(v) = T(X)(p)
We must show that w is well-defined, i.e., that it does not depend on the choice of vector
field X. Suppose X; and X, are two vector fields with X; , = Xy, = v. In particular, the
vector field Y = X; — X, satisfies Y, = 0 and so there are smooth vector fields 7, ..., Z,
and smooth functions fi,..., f. with fi(p)=---= f.(p) =0sothat Y = 171 +--- + f.Z,

We then have .
Y)(p) = Z £i)T(Z)(p) = 0,

so that T(X;)(p) = T(X3)(p) and thus w, : T,M — R is well-defined. Its linearity is clear
from the linearity of T and its smoothness follows from the mapping properties of T so it is
indeed a 1-form. O

2.1. Notation. Unless explicitly noted, all manifolds in this course will be smooth (i.e.,
() manifolds.

We use X'(M) to denote the space of C* vector fields on M, i.e., smooth sections of T'M.
For sections of other bundles £ — M we often use ['(E) to denote the space of smooth
sections. For vector fields along a curve a we use X'(«) and sections of £ above a curve «
are denoted I'(E, «v).

3. RIEMANNIAN METRICS

Suppose M is a smooth manifold of dimension n (typically n > 2).
Suppose g : X(M) x X(M) — C*(M) is a symmetric (0, 2)-tensor. (In other words, g is
a tensor field so that g, : T,M x T,M — R is symmetric at each point p € M.)

Definition 2. We say that a symmetric (0, 2)-tensor is a Riemannian metric if g,(v,v) >0
for all p € M, v € T,M with v # 0. The tensor g is pseudo-Riemannian if for all p € M,
if v € T,M has g,(v,w) = 0 for all w € T,M, then v = 0. (In other words, g is pseudo-
Riemannian if it is non-degenerate and Riemannian if it is additionally an inner product as
you know it from linear algebra.)

A smooth manifold M equipped with a Riemannian metric g is called a Riemannian
manifold.
In terms of the coordinate basis induced by a coordinate patch (z',... 2") in M, we set

(29
95 =9\ 02t 027 )

so that g;; € O=(U), gji = gij, and if v = v'% and w = w2, then

8 7

(v, 0)p = gp(v,w) = Zgijvlw”p'
i.J

X

A Riemannian metric g then gives an inner product on each tangent space. It also induces
metrics on associated bundles (in what follows g is always a metric on the tangent spaces;
notation for the induced metrics varies wildly by source and eventually we’ll just use g to
denote all of them unless there can be confusion as to where various objects live).
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One way to view the mechanism for this induction is that g gives a way to “raise and
lower indices”. More precisely, a Riemannian metric g provides an isomorphism between the
tangent and cotangent spaces at each point. Given w € T7M, we associate to it a vector
wy, € T,M by demanding that

gp(Wwes, v) = w(v)
for all v € T, M. Because g is non-degenerate, this uniquely defines the vector w,. In local
coordinates, the displayed equation reads

E gzy ww Uj E w] 7

so that
w,)' = Zg”wj,
J

where g% are the components of the matrix inverse of (g;;). Similarly, if v € T,M, one can
identify it with the one-form w, € T7M so that

wy(u) = gp(v, u)
for all w € T,M. In local coordinates, (w,); = Zj gi v’

(1) Cotangent bundle. Given w,n € TyM, we define the metric G (sometimes denoted

g~1, sometimes still just g) by

G(w,n) = g(wy,, wy),

where w,, is the vector associated to w and w,, is the one associated to 7. In coor-
dinates, we have that the (i, j)-component of the metric G is the same as the (1, 7)
component of the matrix g~ = (gre) 7}, i.e., g¥. To check this, observe that

wwawn § gu ww wn

= Z 969" wig’ e

1:7j7k7€

_ k gt — ]

= E 5jg WrTle = E g-winyj.
ke i,J

(2) Tensor bundles. For T,M ® T,M (and higher powers), say that

g®(v1 ® Vg, Wy @ we) = g(v1, w)g(vows),

and extend linearly. For factors of Ty M, also use the raising/lower operator.

(3) Exterior powers. Use that A*(T'M) is a sub-bundle of (T*M)®* and use above.
(4) Endomorphism bundle. Identify End(T'M) with T*M ® TM.

As an example of a Riemannian metric, suppose F : M — RY is an immersion (so that
dF, is injective for all p and thus has rank dim M). The immersion F' (and the ambient
inner product on RY) induces a Riemannian metric on M by

9p(v, w) = (dF},(v), dFp(w))gn

for all v,w € T,M. Exercise: Check that this is a Riemannian metric on M.
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Definition 3. Two Riemannian manifolds (M, gas) and (N, gn) are isometric if there is a
diffeomorphism F' : M — N so that

(dF,(v), dFp(w)) gy = (v, w)
for all p € M and v,w € T,M.

gm

In other words, (M, gar) is isometric to (N, gn) if there is a diffeomorphism F': M — N
for which F*gy = gar-
More examples:
(1) R™ equipped with the dot product. Here T,R™ = R" canonically, and g(v, w) = v - w.
Once we have the machinery to make this precise, we’ll see that this is our model of
a flat space.
(2) S* € R™"! with the metric induced by the inclusion map. Concretely, we can use
coordinates (0',...,0") € [0,m)"! x [0,27) on a large patch of S” together with the
map F' given by

cos @'
sin 6! cos #?
sin 0! sin #? cos 63

sin @' sin 02 .. .sin 6" cos O
sinA!sin#? ... sin " ! sin O™

A straightforward computation shows that

—sin 6! 0 .. 0
1 2 sl e 02
cos 0" cosf —sinf' sin 6 0
1 i 2 3 =l 2 3
dF g, gny = cos #" sin 0° cos sin 0" cos 0° cos 0 0
cos@lsinf?...sinf” sinflcosh?...sinf" ... sinflsinf?...cosO”

In particular, we have

0 i # ]

o 0 0 0 T
$(555) = (5) 7 (5) L e wogs TS0
sin®f'sin®6? .. .sin* 71 i=j#£1

(This in fact homogeneous, isotropic, etc., but we haven’t defined these terms.) The
sphere is the nicest example of a positively curved space (to be made more precise
later).

(3) Hyperbolic space H". We’ll describe three models. (But there are more! Hyperbolic
space just keeps on giving.) Fix some R > 0 (this is a parameter going into the metric,
just as we could have changed the radius of our sphere in the previous example).

(a) The upper half-space Up = {(x,9',...,y" ') € R" | 2 > 0} equipped with the

metric ) ™ L
dz® + (dy')? + -+ - + (dy™~
g= R? (dy’) : (dy™™)"
x
i.e., we take the inner product of two vectors v, w € T{,,)Ur by
v-w

<U7w>(w,y) = R’ 22
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(b) The Poincaré ball model: Let Bf C R" denote the ball of radius R and equip it
with the metric
o (du')? + -+ + (du™)?

=4R
I (B2 — [u])?

(c) The hyperboloid model: Consider R"*! equipped with the pseudo-Riemannian
metric 71, zmy = —(dt)* + > (dz?)?* and let H}; denote one sheet of the two
sheeted hyperboloid:

Hp = {t > 0} N {—t* + |2 = —R?},
and let g = i*n, where i : H% — R™"! is the inclusion.
Theorem 4. All three of the above models of hyperbolic space are isometric.

Proof. You should fill in most of this proof yourself! I'll give you the maps to show
it for the hyperboloid and ball models.

Let S = (—R,0,...,0) € R"™ and let P € H}, say P = (t,z',...,2"). Define the
map 7 : H} — B} by letting 7(P) = u € R™, where (0, u) is the point where the line
from S to P intersects {t = 0}.

Note that this line is given by

(—=R,0,...,0) +s(t+R,a",... 2",

which hits t = 0 when st + sR — R =0, i.e., when s = t%{v so that
R 1

:H—R(I,...,(JJ )

As P € H}, we have that |z|> = t* — R? and thus

P 2 2 R2 RQ
[(P)] @+RPM (t + R)? TR

and thus 7(P) € B}.
The inverse map 7' : Bj — H7, is given by

(2.2 = RR2+|Z|2 1 :
o R = o[ R = |aff

ﬂ(t,:cl,...,:c")

You should check that this is the correct form of the inverse and that both 7 preserves
the inner product. d

4. COVARIANT DIFFERENTIATION AND CONNECTIONS

Recall that a (smooth) k-dimensional vector bundle over a smooth manifold M consists
of the data 7 : E — M so that

(1) = is surjective,

(2) 77 1(p) is a k-dimensional vector space for each p € M, and

(3) for each p € M, there is a chart (x,U) around p in M and a diffeomorphism ¢ :
7 U) — x(U) x R* that restricts to a vector space isomorphism on each fiber.
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One of the first challenges in differential geometry is to determine how to differentiate
sections of a vector bundle. For a trivial vector bundle in Euclidean space, you have the
“constant sections” and so you just differentiate their coefficients. In general, however, there
is no constant section because there is no canonical way of identifying the different fibers of
the bundle. One way to get around this is to define the notion of “parallel transport” along
a curve. In this view, for each smooth path 7 : [a,b] — M, we equip the bundle £ with
linear maps P(7). : Ey) — E. @) depending smoothly on s,¢ € [a,b] (and also on 7 in an
appropriate sense). We further demand that

P(y).0 P(7)s = P(7).

The maps P provide a way of performing parallel translation along the curve v. (If E were
equipped with a way of measuring distance or angles, we’d also demand that the parallel
translation preserve this.) Given these maps, we could differentiate a section Y of E at
p € M in the direction v € T,M by taking a curve v : (—e¢,e) — M with v(0) = p and
7'(0) = v and then finding

P(v)(Y. -Y,
V,Y = lim (7)( ’Y(S)> P
s—0 S

One can check that this is a derivation, but showing that in fact it depends only on v and
not on the extension v doesn’t quite follow without a more careful accounting of hypotheses.

Instead of defining parallel translation directly, we instead recover it from one of the
other related quantities. As is common in many differential geometry texts (especially those
focusing on vector bundles like the tangent and cotangent bundles), we’ll use the notion of
a Koszul connection, which we’ll just call a connection.

Definition 5. A connection V on the vector bundle 7 : E — M is an R-linear map V :
I'(E) - I'(T*M ® E) so that the product rule holds, i.e.,

V(fs)=df @ s+ Vs,
for all smooth functions f € C*°(M) and smooth sections s € I'(E).

Unwinding this definition, it’s the same as providing, for each section s € I'(E) and p € M,
an R-linear map (Vs), : T,M — E, so that

(1) (Vs), depends smoothly on p,
(2) for all a,b € R and sy, 52 € I'(E), V(as; + bsa), = a(Vsy1), + b(Vss),, and
(3) V satisfies a product rule, so for all smooth functions f on M and v € T, M,

V(fs)p(v) = dfp(v)s, + f(p)(Vs),(v).

From now on we’'ll drop the p subscript and let it be implicit (as v € T,M). We also typically
write (Vs)(v) as V,s. When v is the value of a vector field X € X(M), we also write Vs,
which is the section with value Vx s at p.

The following lemma tells us that connections are local and so we will not need to worry
about whether sections are defined globally or only locally.

Lemma 6. IfV is a connection on E and sy, sy € ['(E) are such that s; = sy in a neigh-
borhood of p € M, then for allv € T,M, V,s51 = V,53.
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Proof. By linearity it suffices to show that if s = 0 in a neighborhood of p then V,s = 0.
This statement follows from the product rule. Indeed, for any f € C°°(M) so that supp f C
{s =0}, we have fs =0 on M, and

= Vu(fs) = dfy(v)sp + f(p) Vs
so that f(p)V,s = 0. This is true for any such f, so V,s = 0. d

A word of warning: you might think that because a connection eats vector fields and gives
you vector fields that it is a tensor, but the product rule (and Lemma 1) tells you that it’s
not. Connections do, however, lie in an affine space whose underlying linear space is the
space of tensors.

Lemma 7. If V and V are two connections on the tangent bundle T'M then the difference
V =V is a (1,2)-tensor.

Proof. Let T = V — V be the R-multilinear object X x X x Q! — C™ given by
T(X,Y,w) = w (VXY . %Y) .

By Lemma 1, we must only check that 7" is multilinear over C'™°. As it is already multilinear
over C* in X and w, we need only check in Y, but this follows from the product rule. [

We can think of V, s as denoting a directional derivative of s in the direction of v. Just as
we did in calculus (and in the previous semester of this course), we’d like to also differentiate
along curves. Let’s fix a curve a : (a,b) — M.

Definition 8. A section along the curve « is a map t — s(t) € E, ) depending smoothly
on t. In an abuse of notation we’ll denote the set of smooth sections along o by I'(E, ).

Proposition 9. There is a unique map I'(E, o) — T'(E, «), denoted s +— %s and called the
covariant derivative of s along a, so that

(1) <<>+52<t>>=§sl<> Zoa(t),

(2) E( (t)s(t)) = f(t )%5( )+ f'(t)s(t), and
(3) If s € T'(E) satisfies s(t) = Sa() € Eag), then Bs(t) = Vs

dt
Proof. By localization we can assume that a(/) is contained in a single coordinate chart on
which the bundle E is trivial. We then take a local basis ey, . .., e for all £, for p contained

in this chart and write s(t) = Zk 1 Sj(t)ej
For uniqueness, we observe that 1f - satisfies all three conditions, we must have

D

() Zay = (s

(5 (t)ey)

I
Mw

1

J

((s)) (t)e; + 8 (1) Varwes)

I

1

J

as e; are defined in a neighborhood. The right side does not depend on % so we have
uniqueness.
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For existence, we now have a formula: we write s in terms of a local basis for the sections
and use equation (1) to define the covariant derivative along «. U

Another notion of connection is called an Ehresmann connection and involves a splitting of
the tangent bundle of E into “horizontal” and “vertical” sub-bundles. In particular, there is
always a canonical sub-bundle V of T'E (called the “vertical bundle”) given by the kernel of
the pushfoward map (i.e., the differential of the projection) 7, : TE — T'M. An Ehresmann
connection is the data of a “horizontal” sub-bundle complementary to the vertical one, i.e.,
a sub-bundle H C T'F so that TE = H @& V. The notion of connection above induces such a
splitting. (To ensure that it is equivalent to the definition above involves another condition
that we omit here.)

Proposition 10. A connection V on E induces a splitting TE = H® V.

Proof. We must show that V defines a horizontal sub-bundle H C TE and that T'E splits
as the direct sum H @ V. We start by noting that, for each e € F, V. = TeE ) = Ere
because the tangent space of a vector space is canonically isomorphic to the vector space.

We now aim to define the horizontal subspace. We first define a map K : T.E — Er() and
then define H, to be the kernel of K. Given e € E and v € T.E, choose 7y : (—¢,e) — E so
that v(0) = e and 7/(0) = v. We now regard =y as a section of E over o7y, i.e., v € ['(E, mo7)
and set

D
Kv= E (t)lt:().

We claim that Kwv is independent of the choice of 7. By linearity it suffices to show that
if v: (—€€) — FE has y(0) = e and +/(0) = 0, then 2~(t)|;—o = 0. We then note that
(mov)'(0) = 0 and appeal to equation (1) after writing v in terms of a local frame for E to
see that indeed 2(t)[;—o = 0.

Now, equipped with the map K : T.E — FEr(), we define H, = ker K. We now claim that
T.F = H,+ V.. Indeed, note that if v € V, is a vertical vector, we use the identification
V. & E to construct the curve v : (—€,€) — Er() given by () = e + tv. This curve
satisfies 7(0) = e and 7/(0) = v and Zy(t)|;=o = v, so Kv = v for vertical vectors. The
operator K can therefore be regarded as a projection onto V, and so T.F = H, ® V..

The smoothness of the sub-bundles follows from the smoothness of the maps (7). and K;
that K depends smoothly on e is a consequence of the identity (1). O

We now return to parallel transport. Given a curve « : [0,1] — M so that «(0) = p and
a(1) = g, we can construct the parallel translation of a vector v € E, along « in two related
ways. One way is by solving a differential equation: we say that a section s € I'(E, «) is
parallel if and only if Zs(¢) = 0 for all ¢ € [0, 1].

Lemma 11. For every v € E,, there is a unique s € I'(E,a) so that s(0) = v and s is
parallel.

Proof. Working locally in charts where the bundle is trivial, this again follows from the iden-
tity (1), this time interpreted as a linear system of differential equations for the coefficients
of the frame. It is not hard to check that existence and uniqueness for ODEs then guarantees
a solution. 0

We then define the parallel translate of v by P(a)iv = s(1). Note that this value typically
depends on the choice of path!
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Another way to define the parallel translate of v along « to lift « to a curve @ : [0,1] — E
so that mo o = o, a(0) = (p,v) and so that &'(t) € Hg( for all t. The existence of such a
lift follows from the observation that H, = Ty M for all e € E and the decomposition of
TE =V & H. (You need m,.&/(t) = o/(t) and you need &/(t) to be horizontal.)

We’ll return to the question of why parallel transport is so called once we start talking
about specific connections.

4.1. Induced connections. A connection V on a vector bundle E over M induces connec-
tions over other bundles formed from E. A few examples:

(1) Dual bundles. If V is a connection on E, we get a connection V* (we’ll later just call
this V) on the dual bundle E* by duality. Indeed, if £ € T'(E*), we define V,£ by
demanding that, for all s € ['(EF),

d((&,5)) (v) = (Vi€ 8) + (&, Vis).

(2) If VP and V¥ are connections on vector bundles £ and F over M, then we get a
connection V¥ ® VI on the vector bundle £ ® I over M by demanding it satisfy a
product rule:

(VFeV") (s@t)=Visot+sa Vit

(3) A similar construction gives a connection on the exterior powers A*E by a product
rule:

Vo(si Ao Asp) =Vust Ao ASp+ -+ 81 Ao A Vysg.
(4) Similarly we get a connection V# @ VI on the direct sum bundle £ & F by linearity:
(VEPaVh) (sot)=(Vis)® (Vit).

(5) By identifying the endomorphisms of E with E* ® E we also get a connection on the
endomorphism bundle End(E).

As a result, if we have a connection on the vector bundle T'M then we in fact have a
connection on all of the tensor bundles.

4.2. The Levi-Civita connection. We now specialize to the case where £ = T'M and its
associated vector bundles.

Definition 12. Given a connection V on T'M, its torsion is given by
T(V)(X,Y)=VxY -VyX - [X,Y] € C°(M)
where X, Y € X(M) and [X,Y] is the Lie bracket.

Lemma 13. The torsion of a connection on T'M is an antisymmetric (0,2)-tensor.

Proof. Tt’s clearly antisymmetric; that it is a tensor follows from the characterization of
tensor fields given by Lemma 1. Indeed, we have to check that it is multilinear over C*°(M).
Take f € C*(M), X,Y € X(M) and consider

T(V)(fX,Y) =VxY = Vy(fX) - [fX,Y]
= fVxY = (Y(/)X + fVyX) = (f[X, Y] - Y(f)X)
= [T(V)(X,Y).
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Theorem 14. Suppose (M, g) is a Riemannian manifold. There is a unique connection V
so that

(1) V is torsion-free (i.e., VxY —VyX — [X,Y] =0), and
(2) V is compatible with the metric g, i.e., for all X,Y,7Z € X (M),
X (9(Y,2)=g(VxY,Z)+g(Y.VxZ).

Definition 15. The unique torsion-free connection compatible with g is called the Levi-
Chwita connection.

Proof. To prove uniqueness, suppose that V is torsion-free and compatible with g. Then
compatibility yields
XY, 2)+Y (2, X) - Z(X,Y) = (X,[Y, Z]) + (Y, [Z, X]) + (Z, [X, Y])
=(VxY,Z) +{(Y,VxZ)+ (Vv Z,X)+(Z,VyX) = (VzX,Y) — (X,V2Y)
— (X, [V, Z]) + (Y, [Z2, X]) + (Z,[X,Y]),
while V being torsion-free lets us write, e.g., VxZ — VX = [X, Z], so that the above
expression is equal to (here using that g is symmetric)
(VxY,2Z) + (Y, [X, Z]) + (X,[Y, Z])
+(Z, VxY +[Y, X]) = (X, [V, Z]) = (Y, [Z, X]) + (2, [X,Y])
=2(VxY,Z).

In other words, we end up with the equality
1

Because ¢ is non-degenerate and this relationship must hold for all Z, any two choices of
torsion-free metric-compatible connection must agree.

Similarly, because g is non-degenerate, the formula above also defines the connection V,
so we also get existence. (You should check that it is tensorial in X and Z and satisfies a
product rule in Y and should also check that it is torsion-free and metric-compatible.) [

How does this connection look in local coordinates? Let (z',...,z™) be coordinates in a
chart on M and 0; denote the corresponding basis for the tangent space. We then have

1
(V5,0;,0k) = 5 [0 (05, Ok) + 0; (s, O) — Ok (0;, 05)]
1
=3 09k + 0 Gik — Ongij) -
If we write V,0; = >, T'};0p, then

>_Tijgo =3 T (01 0n)
=1 =1

1
=3 (095K + 09ik — Orgij) -

This is an n x n system of linear equations, which we solve to find

"1
Ffj = Z Eg'“é (9igje + 059ie — Ougij) »
=1
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where g** are the components of the inverse metric (i.e., the inverse of the matrix (g;;) or
the components of the induced metric on the cotangent bundle, etc.).

Definition 16. The I‘fj are called Christoffel symbols or connection coefficients.

Word of warning: I'}; are NOT the components of a tensor (they lie in an affine space).
As described above, V induces a connection on the cotangent bundle, given for w € Q(M)
by
(Vow)(X) = v(w(X)) —w(V,X).
For more general tensors it has an analogous form, with V, A of a (k, ¢)-tensor given by

(Vo A)(wr, -y wie, Xy, X)) =0 (Alw, - wg, Xy, X))
k
— ZA(wl, c. ,wi,l,vai,wiH, . ,wk,Xl, . ,Xg)
i=1
¢
=Y A wi X X, VX, X, X)
j=1

Proposition 17. Parallel transport using the Levi-Civita connection is an isometry.

Proof. Suppose a : [0,1] — M is smooth and V, W € X(«). Then

d D D
SW@.we) = (Zra.we )+ (Vo 5wo),
so that if V' and W are parallel then their inner product is preserved. U

5. GEODESICS AND HAMILTONIAN FLOWS

Most differential geometry textbooks use the connection directly to define and reason
about geodesics. We'll instead take a Hamiltonian approach. To do that, we need some
preliminaries about the symplectic structure on the cotangent bundle.

5.1. Symplectic manifolds.

Definition 18. A manifold (M, w) is called a symplectic manifold if M is a smooth manifold
and w is a non-degenerate closed 2-form on M.

In other words, at each point w is an alternating (0, 2)-tensor so that dw = 0 and, if
v € T,M satisfies

w(v,u) =0 for all u € T,M,
then v = 0.

Lemma 19. A symplectic manifold must be even-dimensional.

Proof. Working in local coordinates, this reduces to the statement that if n is odd, then any
skew-symmetric n x n real matrix must have a kernel. To see this, a skew-symmetric matrix

A has
det A = det(AT) = det(—A) = (—1)"det A,

so that det A = 0 if n is odd and thus 0 is an eigenvalue of A, i.e., A must have a kernel. [
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There is a lot to say about symplectic manifolds, most of which we omit here. One
of the most famous is Darboux’s theorem, which essentially says that there are no local
invariants of symplectic manifolds, i.e., one can always find local coordinates (g, p) so that
w=Y_,dg" Adp;. There’s a lovely proof of this using Moser’s trick which I'm happy to talk
about if you like:

Theorem 20 (Darboux). Suppose (M,w) is a symplectic 2k-dimensional manifold. Around
any point p € M there is a coordinate chart U and coordinates (zt,... 2% y', ... y*) so that

k
wly = Zdzi A dy'.
i=1
Proof. You can always find a coordinate system (z',...,7% 7', ...,7*) achieving this exactly
at the point p. We claim then that there is a local diffeomorphism ¢ of a smaller neighborhood

so that
o (3 dit ndif) = wlo,

and then the desired coordinate system is x = 2 o ¢ and y = y o ¢.

It remains to prove the claim. We first claim that if w; is a family of symplectic forms so
that %wt = do; for some 1-forms oy, then there is a family of diffeomorphisms ¢/, so that
Yiws = wp. Indeed, this follows from Lemma 21 below by using Cartan’s magic formula

EXw:doz'X—i—iXod,

where ix denotes the interior product (i.e., plugging X into the first slot) and observing that
the differential equation in Lemma 21 becomes
d . . .
0= Ewt + d(Zth) + ZX(dwt) = d(O't + Zth).
As w; is non-degenerate, one can find X so that o, = ixw; and so Lemma 21 applies.
Finally, by the Poincaré lemma (which says that on R"™, closed forms are exact), the
difference w; — wg = do; and so we can apply the claim. ]

Lemma 21 (Moser’s trick). Suppose wy, t € [0,1] is a family of differential forms on M. If
there is a solution X, € X (M), t € [0,1] to the differential equation

d

P + Lx,w =0,

where Lx denotes the Lie derivative with respect to X, then there exists a family of diffeo-
morphisms ¥, on M so that Yjw, = wy and ¢y = 1d.

Proof. Given Xi, let i, be the flow it generates, so
d d
—(Yiwy) = | —w + Lx,we | =0,
v =vi (e + Lxm)
so Yjwy = YPywy = wp. O
Now, back on track. Ome of the main things we want to use symplectic structures for
is to get Hamilton vector fields. Just as we had with Riemannian metrics, we can use the

nondegenerate 2-form w to identify the tangent and cotangent spaces at each point. Indeed,
given any l-form o, we can find some vector field X associated to it by demanding that

w(v, X) = a,(v)
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for all vectors v € T, M. In particular, if we have a real-valued function H (called a Hamilton-
ian) on M, we can find the Hamilton vector field of H, which we’ll denote Xy, by demanding
that X g be the vector field associated to dH by w.

As smooth vector fields yield flows, we therefore also obtain a flow ¢; from the Hamilton
vector field Xg.

Lemma 22. The Hamiltonian H is conserved by the flow ¢;.

Proof. This is an exercise in unraveling the definitions and using the chain rule. Indeed,
suppose p € M and let y(t) = ¢.(p), so that

7'(8) =

(XH)’Y(t)7
7(0) = p.

p
We then differentiate H(v(t)):

©H( (1)) = dH( (1)
= dH(Xy) = w(Xy, Xg) =0,
so that H(v(t)) = H(v(0)). O

5.2. A very brief foray into Hamiltonian mechanics. One of the most important ex-
amples of a symplectic manifold is the cotangent bundle T*M of a smooth manifold M.
(Note that the dimension of T*M is always twice the dimension of M and therefore even.)
If 7 : T*M — M denotes the projection, we can define the canonical 1-form o on T*M by

(a6 (v) = §(mw)
where (x,§) € T*M and v € T(,¢)(T*M). In other words, the form « acts on a vector v at a

point (z,¢) in the cotangent bundle by evaluating the covector £ (a covector on M) on the
pushvorward of v. In terms of local coordinates (z,¢),! you can check that

a = Z fjdxj :
J
We then define a symplectic form w by w = da. In a local coordinate system w has the form

w=Y d& Ada.
J

It is plainly a 2-form, dw = d(da) = 0, and there are several ways to check that it is non-
degenerate. One way is to observe that w”, the n-th wedge power of w, is a non-vanishing
volume form. We can also check it directly by taking v € Ti, ¢ (T*M) with w(v,e) = 0.
Writing v in terms of the basis given by the coordinate system, we write

so that

w(v,e) = —Zvjdfj +ijdl’j,

J J
so that we must have v/ = w’/ =0, i.e., v = 0.

'Recall that a coordinate system x on M induces a coordinate chart (z,£) on T*M by writing covectors
in terms of the basis dz” of each cotangent space; £; are the coefficients here.
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From a physical perspective, the symplectic manifold (7*M,w) is thought of as a “phase
space” for a physical system taking place on the “configuration space” M while a Hamiltonian
H is the total energy of the system. If M = R and

L2
H = — Vv
(i.e., H is kinetic energy plus potential energy), then
1
dH = —&d& + V' (x)dx,
m

so that L 5 5
Xy=—¢——-V'(v)=
" mgﬁx (x>(9§ ’
and thus the integral curves of the flow generated by Xy satisfy
dv 1 ¢ d¢
d  m>  dt

In particular, x satisfies the second-order differential equation

P () =~ V'(a(t))

which you might recognize as Newton’s second law for the conservative force given by the
potential V' (z).

= —V'(x).

5.3. Geodesics. Suppose now that (M, g) is a Riemannian manifold and (in a mild abuse
of notation) let g1 denote the induced inner product on each cotangent space. Recall from
the last section that T*M is always a symplectic manifold and consider the Hamiltonian
function

1
H(l’,f) = 5 ‘5’2—1 =5 Zg” 515]

By the discussion above, we associate to H a Hamllton vector field Xy and a (very impor-
tant!) flow ¢;.

Definition 23. We say that ¢, is the geodesic flow on the cotangent bundle and the integral
curves of Xy are called lifted geodesics. If ~(t) is a lifted geodesic, its projection m o~y to M
is called a geodesic.

In local coordinates (x, &) on the cotangent bundle, the Hamilton vector field of H is given
by

18
Xir =35 (0160 + 5 3> e, - 32 Ee,
Z#J

109" (x)
=w 2 a ( glgj ()

where, in another abuse of notation, we is the vector field on M (regarded as a vector field
on T*M) associated to £ by the metric g. In particular, the integral curves (x(t),&(t)) of
Xy satisfy

dz d§ ag
a:wsa 7:——2 fzfj
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Before we get to examples, let’s connect? this computation with our discussion of connec-
tions from earlier.

Lemma 24. A curve 7 : (a,b) — T*M is a lifted geodesic if and only if v = w07 satisfies
the geodesic equation, namely,

D ,
ZA() =0
dtv()

along 7.
In other words, the tangent vector of a geodesic is parallel along the geodesic. This second

order equation is the typical way to introduce geodesics; the Hamiltonian formulation is akin
to turning a second order equation into a system of first order equations.

Proof. The easiest/fastest way to verify the lemma is to write down the differential equations
in local coordinates. Indeed, fix a coordinate system (z?, ..., z").
The coordinates of the lifted geodesic satisfy the following system of equations:

da* o (1 .

e e g

d 0 (1,

dt - oxg <§9 & | -
Observe that, for fixed k, we may write the sum ¢”7&¢; as

9768 =Y 9765+ D (9" + 96 + g™ Gk,

i j#k #k

0 (1 ’ "
s —g”&é) = > g%
oxk \ 2 J ; J

In particular, this is the k-th component of the vector associated to £. The first half of
the differential equation then reads that +/'(¢) = ve. We therefore introduce the “vector
variables” v/ = ¢/*¢;,, so that the first half becomes % = v7(¢).

We now turn our attention to the second half. The right side of the second part of the
differential equation has the form

so that

10g"
—ia—m&fj,
which we now rewrite using the fact that ¢” are the components of the inverse matrix of
g. Recall that for a family of invertible matrices A(s), we have A(t)A7!(s) = I, so that
dA A—1 dA=l _ s
%A + A? = O7 1.e., )
ATy
ds ds
In particular, each component of the matrix must agree. Applying this observation to g%,
we find that

_10g7 _ lgz‘éagﬂgmj
20xk 27 Oxk ’

2HA!
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so that the second half of the equation reads

d& _l i Ogem (t) mj s
= 2g (x(t))—axk g™ ()&

We now aim to turn this into an equation in terms of x and v. We multiply both sides by
¢"*, sum, and add fk% to both sides. Observe that
dg"" 0g™* dx* 20 O9ab g dat

dt — Jx* a9 0w d Ta

so that the equation reads (after using the first half for dz*/dt)

d r 1 T 8gem il mj raagab sJ
T (9"%¢) = 29 kﬁg LGt — g %gbkg €58k
In terms of v/, the equations then read (after re-indexing)
L
dt ’
ot _ vivd gt 19gi _ Ogie
dt 20z Oxd

1, 09w 0gje  09ij o
— _ ayta,d 4k v J 2] i, iTk
PR (8xj ori  oxt ) " Ve

Notice that this equation is the first-order rewriting of the following system of second-order

equations:
d?a® dx’ da’
rk =) =
az Zﬂ(x(t”(dt) (dt) 0

We now turn to the other system of equations, namely

D
dt

As v/(t) = %, we can regard this as a second-order equation of the form (where we have

written out the basis elements explicitly)

D (dat 0\
dt \ dt oxF)

By our construction of the covariant derivative, we have

D (dxk 0 ) B d2zk 0 dzF 0

(t) = 0.

el V., 5 ——
dt \ dt ok a7 ok T dt ¥ ook
I AN, +dmkdxj , 0
Cdi2 ozk T dt dt  *Foxt
After re-indexing, we see that the equation reads
d?z% 0 dxtdat_, O
dt2 9xk = dt dt Y Ooxk’

i.e., the same system as above. O
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In fact, we can recover the entire connection from the symplectic structure and the Hamil-
tonian. For convenience we discuss only how to recover the splitting of T{, ¢ (7™ M) into hori-
zontal and vertical subspaces. (The following discussion is adapted from Robert Bryant’s an-
swer here: https://mathoverflow.net/questions/127319/intuition-for-levi-civita-connection-
Indeed, we regard the Hamiltonian function ¢g"&;¢; in two different respects. The first is that
it provides our Hamiltonian vector field Xy and the second is that it induces a quadratic
form vy on each T, oyT* M. In our Riemannian case, the quadratic form it induces is simply
m*g, where g is regarded as a quadratic form on each T, M. We then consider the symmetric
quadratic form

Y = Lx,VH-
A quick computation in coordinates shows that in terms of the basis 9/0x?, 9/0&, Yu
corresponds to a matrix
x I,
(i, )

where [, is the n x n identity matrix and the entries in the upper left can be computed in
terms of Christoffel symbols but are irrelevant here. As a result, 4y is non-degenerate and
has n positive and n negative eigenvalues. Using this form (and its matrix realization), we
can see that at each (z,¢) there is a unique n-plane that is copmlementary to V{,¢), null
with respect to the symplectic form w, and also null with respect to 4. These n-planes
fit smoothly into a bundle, which a coordinate computation shows is the same horizontal
bundle as the one associated to the Levi-Civita connection.

5.4. The exponential map. Back to the main thread, given any point (z,§) € T*M,
there is a unique lifted geodesic through that point, namely, t — ¢;(z,£). From our ODE
discussion last semester, we know that it also has a maximal connected interval of existence.
By using the Riemannian metric to identify tangent and cotangent vectors, we then have

Proposition 25. Given any point p € M and any v € T,M, there is an open interval I
containing 0 and a unique geodesic vy : I — M so that v(0) = p and 7/(0) = v.

[t’s traditional to let the exponential map denote the mapping from the tangent space/bundle
(rather than cotangent space/bundle) to the manifold, so we’ll do that. For a point (p,v) €
TM, let () denote the unique geodesic with v(0) = p and +'(0) = v, and let /() denote
its maximal interval of existence.?

Definition 26. Define the exponential map exp(p,v) = Ypw (1) if 1 € I(,,). Define the
restricted exponential map exp,(v) = Y (1) if 1 € I(0).

Let’s let £ C TM denote the domain of exp, i.e., (p,v) € £ if and only if 1 € I, ).

Proposition 27. (1) & is open, contains the zero section, and is star-shaped.
(2) For each (p,v) € TM, the geodesic 7y is given by Y. (t) = exp,(tv) whenever
either side is defined.
(3) exp is smooth.

Lemma 28. For any (p,v) € TM, and c,t € R, Y c)(t) = Yp)(ct) whenever either side
1s defined.

3In keeping with the view of the author, we should instead define the exponential map from T*M to M by
exp(x, &) = ¢1(x, &) whenever it is defined. The restricted exponential map would then be exp, (§) = ¢1(z, ),
but we do not pursue this here for ease of reading other texts.
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Proof. It’s enough to show that v, (t) exists and equality holds whenever 7, ,)(ct) is
defined. (Replace v by ¢ 'v and ¢ by ¢!t for the other direction.)
Suppose I is the maximal interval of definition for v = 7, ., and define

A(t) = (ct).
The maximal interval of definition for 7 is
U ={t:ctecl}.

We now observe that 7 satisfies the geodesic equation (by the chain rule) with 7(0) = p and
7'(0) = cv (so that ¥ = Yp.ev))- U

Proof of proposition. By the lemma we have that

exp(p; cv) = Vp,ew) (1) = V) (0),
which proves the second statement. If v € &, (where &, = {v € T,M : (p,v) € £}), then
Y(p,) 18 defined at least on [0, 1]. Then, for ¢ € [0, 1}, we have exp,(tv) = Y0 (1) = V) (t)
and thus & is star-shaped.
We still need to show that £ is open and that exp is smooth. For now we use the
notation e : TM — T*M to denote the bundle isomorphism given by “lowering indices”. By
Lemma 24, we see that if () is a geodesic, then

te= (y(t),e(v'(2)))
is the lifted geodesic that projects to v. By the definition of the flow ¢;, we then have

(Vo) (1), € (Vpay (1)) = &1 (p,e(v)) .

By the proof last semester® of existence and uniqueness of ODEs, there is an open neighbor-
hood U of {0} x T*M in R x T*M on which ¢, (e, ) is defined and the smooth dependence
on parameters shows that ¢ is smooth where it is defined.

So, if (p,v) € &, the geodesic (. is defined at least on [0, 1], so (1, (p,e(v))) € U and
it has an open neighborhood around it, so there is an open neighborhood around (p,v) for
which the flow exists for all ¢ € [0, 1], so £ is open.

Finally, exp(p,v) = mo ¢1(p, e(v)), so exp is smooth as a composition of smooth functions.

O

Lemma 29. For any p € M, there is a neighborhood V- C T,M of 0 € T,M and a U C M
so that exp, : V' — U is a diffeomorphism.

Proof. This follows from the inverse function theorem as soon as we show that the derivative
of the restricted exponential map at 0 is invertible. As T, M is a vector space, we have
To(T,M) = T,,M canonically so we can think of

(Dexp,)o : T,M — T,M.

Let v € T,M and take 7 : (—¢,€) = To(1T,M) = T,M to be 7(t) = tv, so that 7(0) = 0 and
7'(0) = v. We now compute

(Dexp,)o(v) |t=0 exp,, o7 (1)

T dt
d
= %|t:0’7(p,v) <t> =,

4Soon to be recreated and improved in Appendix A.
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so indeed (D exp,)o = Idr, 5 and is therefore invertible. O

6. CURVATURE

One question we might ask is to what degree we can make a Riemannian metric “look
like” the Euclidean metric at a point. Can we make its value agree at a given point? (Yes.)
Its first derivatives? (Again, yes.) What about its second derivatives?

6.1. Geodesic normal coordinates. The invertibility of the exponential map at the origin
gives a way of picking distinguished coordinates at a point. Given p € M, let eq,..., e, be
an orthonormal basis for T, M and consider the map V' — M, where V' C R", given by

(z',...,2") — exp, (z'er + - + 2"ey) .

This map is a diffeomorphism from a neighborhood of 0 € R" to a neighborhood of p and so
it gives a local coordinate system called geodesic normal coordinates.

What does the metric look like in these coordinates?

We first note that p <> (0,...,0) and then claim that, in this coordinate system, g;;(0) =
0. Indeed, we computed earlier that (D exp,)o = Idz, s, s0

9:1(2) = <aiz aiz>

= < Depr)Zx’“ek (ei)’ (D epr)Za:kek(ej)>7

so at x = 0, this is ¢;;(0) = (e;, €j) = d;;.

We now turn our attention to the Christoffel symbols. Fix (a',2%...,2") € V and
take a(t) = (tx',...,ta"); o is a geodesic in U because a(t) = exp,(t(z',...,z")) (in this
coordinate system). Because « is a geodesic, we have

do?
dt2 ZF Udt(t)_o

i,j=1

for all k and all ¢ sufficiently small. As we can see that %a(t) = 0, we see that

do’
3 Thal) ™ 1) ~ 0

1,j=1

Setting ¢t = 0, we have that
Z Ffj(O)mixj =0
j

for all k and all . As it is true for all x, we may apply it to x = e; to see that I'},(0) = 0
for all 7. We then apply it with = = e; + e; and see that T'};(0) 4 I'};(0) = 0 and thus T'};(0)
is antisymmetric in ¢, j. On the other hand, we also knew that F%(O) was symmetric in 7, j
(indeed, this follows from the coordinate formula for I'};), so they must all vanish at 0.

What does this fact about the Christoffel symbols mean for the first derivative of the
metric? Well, at = 0, we have Vj,0; = 0, 80 Ok gij|.—0 = 0, i.e., g;j(x) = J;;+quadratic and
higher terms.

What do these quadratic terms represent?
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6.2. Dimension counting. Let’s take a more general approach and try to pick a new

system of coordinates z', ..., 2™ so that our point p is z = 0 and so that we arrange for the
vanishing of as many terms in the Taylor series of g;; at zero as possible.

Let’s assume we already have a coordinate system yt,...,y" sending p to y = 0 and let
9ij = <8?/“ ayj> If we change coordinates to x!, ..., 2", we know that

0
&yf Z oy’ 8xl

ie.,

oxi Oxt Oy’
Letting g;; = <£¢, %>, we see that

-~ /9 0\ oy* Ay
iy = <a— a_> > (a) (a) G-

We therefore use the values of the Jacobian, i.e., the first derivatives of the coordinate

changes, to put g;; into a model form. We have the freedom to choose all n? values of 6yj,
so we think of this as n? unknowns. Now g;; is always a symmetric matrix, so there are
n(n + 1)/2 independent components of g;; and so if we want to make g;; = 513, we have a
system of n(n + 1)/2 equations in n? unknowns. Unless n = 1, this is an underdetermined
system (there are n(n — 1)/2 more unknowns than equations), so we should expect to be
able to solve it. Indeed, the number of excess degrees of freedom here is the dimension of
SO(n) and corresponds to the rotational symmetry enjoyed by Euclidean space.

We’d now like to arrange that the first derivatives of g vanish at 0. Differentiating the

equation above, we have
ag._. 0 oyP oyt
5775 = o \ 2= 907 g |

which yields a total of n equations for each component of g, i.e., n*(n+1)/2 total equations.
We have the freedom to pick the second derivatives of our coordinate changes at the point
0, but these are subject to the constraint that

0*y” 0*y”

Oxidxi — Oxioxrt
so we have n(n + 1)/2 choices for each y?, i.e., a total of n?(n + 1)/2 unknowns. This set of
equations is formally determined (number of equations is the same as number of unknowns),
so we'd expect it to have a unique solution. This is essentially what we found in our discussion
of geodesic normal coordinates.
What about the second derivatives? Now the equation for the second derivative of the
metric tensor involves third derivatives of our coordinate change. The second derivatives

82
r 9zt
are again subject to the constraint that mixed partials commute, so we have n(n + 1)/2
equations for each component of g, i.e., a total of n?(n + 1)?/4 equations. How many new
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Syk
Oxkdztoxr
does each component y* have? We consider in cases. When all three of k,¢, and r are
distinct, there are () = n(n — 1)(n — 2)/6 such possibilities. When two are distinct, we
have n choices for which derivative we take twice and then n — 1 for the third derivative, i.e.,
n(n — 1) choices. Finally, when all three indices agree, we have n choices for their common

value. This gives a total of

nn =D =2) 1) sn= D (= 1)(n—2) + 6n) = |
6 6 6

Alternatively, we could have used a counting argument that labels how many indices take
each value. More precisely, we think of having three identical elements representing the three
derivatives we can take and then divide them up into n buckets (which we realize by n — 1
dividers). If two elements land in the j-th bucket, we take two derivatives in x7. If our
derivatives and buckets are distinguishable, then there are (n — 1 + p)! ways to order them.
The dividers are definitely not distinguishable, so we must divide by (n — 1)!. Similarly, our
mixed partials are symmetric, so we should also think that we can’t distinguish the order in
which we take derivatives, so we should also divide by 3!. This leaves

.

degrees of freedom for each y*. (In general you'd have ("_;J“p) degrees of freedom for p-th

unknowns do we have? In other words, how many different third partial derivatives

(n+1)(n+2)

derivatives.) As we have n different functions y*, we then have n?(n + 1)(n + 2)/6 total
degrees of freedom.

The thing to note here is that the problem of annihilating the second derivatives at a point
is a formally overdetermined problem, as there are
n’(n+1)* n*tn+1(n+2) ni(n+1) n?(n® —1)

— = 3 1)—2 2) = ——=
1 6 g Gt =2n+2) 12
more equations than unknowns. We therefore do not expect be able to solve this problem
generally. Encoding this obstruction is the curvature tensor.

6.3. The curvature tensor. As before we suppose (M, g) is a Riemannian manifold equipped
with the Levi-Civita connection.

Definition 30. For XY, Z € X(M), define
R(X,Y)Z =VxVyZ -VyVxZ —Vxy|Z,
so that R: X (M) x X(M) x X(M) — X(M).
We call R “the” curvature tensor; we should verify that it is a tensor.
Proposition 31. R is a (1,3)-tensor.

Proof. As before, we need to show that for X|Y,Z € X(M) and f € C*°(M), that
(i) R(fX,Y)Z = fR(X,Y)Z,

(i) R(X, fY)Z = fR(X,Y)Z, and

(i) R(X.Y)(f2) = FR(X,Y)Z.
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In fact, R is clearly antisymmetric in X and Y, so the first two are equivalent. We now
compute:

R(fX,Y)Z =VyxVyZ —=NyVixZ —VxyZ
= fVxVyZ = Vy (VxZ) = Vyixy-vnxZ
= fVxVyZ = fVyVxZ =Y (f)VxZ — fVixy)Z +Y(f)VxZ
— [R(X,Y)Z.
Similarly,

R(X,Y)(fZ2) =VxVy(fZ) = VyVx(fZ) = Vixy(fZ)
=Vx (fVYyZ+Y(f)Z) = Vy (fVxZ+X(f)Z) - f[VixyZ - [ X,Y](f)Z
= VXV Z+ X(/)VyZ+Y(f)VxZ+ XY (f)Z
— Yy VxZ =Y ([)VxZ - X(f)VyZ = Y(X(f))Z - fVixyZ - [X,Y]([)Z
= [R(X,Y)Z +(X(Y(f)) = Y(X(f)) = [X,Y](f) Z = fR(X,Y)Z.
U

In local coordinates, we write
R(D;,0;)0 = Z R0

Since R is a tensor, these components tell us all of the information about R, and so

R(X,Y)Z =Y X'Y/Z'R{,0.
3,9,k 0
The tensor R is often called the Riemann curvature tensor and it is independent of coordinate
choices (indeed, we defined it intrinsically). It’s often convenient to turn R from a (1,3)-
tensor into a (0,4)-tensor using the metric and we use the same letter R to denote this.

Indeed, we define
R(X,Y,Z, W)= (R(X,Y)Z, W),

'L]kf Z kag

The Riemann curvature tensor has several symmetries, and these are easiest to state for
the (0, 4)-tensor.

Proposition 32. (i) R(Y, X, Z, W)= —-R(X,Y,Z, W),
(i) R(X,Y,W,Z) = —R(X,Y, Z,W),

(iii) R(Z,W,X,Y) = R(X,Y,Z,W), and

(iv) R(X,Y,Z,W)+ R(Y,Z,X,W)+ R(Z,X,Y,W) = 0.

The last identity (the cyclic one) is called the first Bianchi identity.

so that

Proof. The first identity is obvious from the definition, which is antisymmetric in X and Y.
For the second identity, we let f denote the smooth function f = (Z, W), so that

XY (f) =Y (X(f) - X, Y](f) =0.
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We now use that the Levi-Civita connection is compatible with the metric to write

0=XY (ZW)) =Y (X{(ZW))—[X,Y](Z, W)
=X ((VyZ,W) +(Z,NyW)) =Y ((VxZ,W) + (Z,VxW)) = (Vx3)Z, W) = (Z,Vixy}WV)
= (VxVyZ, W)+ (VyZ,VxW) +(VxZ,VyW) + (Z,VxVyW) = (VyVxZ, W)
—(VxZ,NyW) = (Vy Z,VxW) —(Z,VyVxW) — <V[X,Y}Z, W> — <Z, V[X,Y]W>
= (R(X,Y)Z,W) —{(Z,R(X,Y)W) = R(X,Y,Z, W) — R(X,Y,W, Z),
as desired.

To prove the third identity, we’ll use the fourth identity (the Bianchi identity), so let’s
prove the fourth one now.

RX,)Y)Z+R(Y,Z)X +R(Z,X)Y =VxVyZ —VyVxZ — Vixy)Z + VyVzX = VzVy X
VX + VuVxY - VyVY — VigaY
— Vi (VyZ = V¥) = Vyy X + Vy (V2X — Vi Z) — Vigx)¥
+Vy (ny — VyX) — V[Xy]Z.

Because the Levi-Civita connection is torsion-free, we know that for any X, Y, we have
VxY — VyX = [X,Y], so that the above sum is given by

R(X,Y)Z +R(Y,Z)X + R(Z,X)Y = Vx|V, Z] = Viy. X + Vy[Z, X] = Viz Y
+ VX, Y] - Vixy)Z
=XV, 2]+ [V, [Z X]| + [Z,[X, Y] = 0,

by the Jacobi identity, thus proving the Bianchi identity.
We finally turn to the third identity. We use the first two identities and the Bianchi
identity to write R(Z, W, X,Y) in two ways:

R(Z,W, X,Y) = —R(W, Z, X,Y) = R(Z, X, W,Y) + R(X, W, Z,Y),
R(Z,W,X,Y)=—R(ZW,Y,X)=RW,Y,Z,X) + R(Y, Z, W, X),

so that

OR(Z,W,X,Y) = R(Z,X,W,Y) + R(X,W,Z,Y) + ROW.Y, Z, X) + R(Y, Z,W, X).
An identical calculation gives

OR(X,Y,Z, W) = R(X,Z,Y,W) + R(Z,Y,X,W) + R(Y,W, X, Z) + R(W, X, Y, Z).
Using antisymmetry twice on each term (e.g., writing R(W, XY, Z) = —R(X,W,Y,Z) =

R(X,W,Z,Y)) shows that these two sums agree, establishing the third identity. O

6.3.1. Another counting argument. How many degrees of freedom does R have? In other
words, how many independent components R;;i, can be prescribed without the above sym-
metries forcing our hands?
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To be more precise, we ask for the dimension of the space of (0,4) tensors satisfying the
following four identities:

Rijre = Ryeij,

Rijre = —Rjine,

Rijre = —Rijor,
Rijke + Rjkie + Riije = 0.

We'll now count by cases.” Antisymmetry demands vanishing if all indices are repeated,
i.e., Ruuea = 0. For two distinct indices, we have three possibilities, namely Ryqap, Raaps, and
Rapap, and all others can be put into one of these forms by the identities. Of these, only Ry
might be non-vanishing, giving us () = n(n + 1)/2 components with two distinct indices.

For three distinct indices, terms of the form R, must vanish, and all other terms can be

put into the form R.... For these, we have n choices for the repeated index a and (";1) =
n(n —1)/2 choices for the other two indices, giving a total of 3(}) of these components.

Finally, for four distinct indices, we start by noticing that we have
Rabcd = _Rbacd = _Rabdc = Rbadc = Rcdab = _Rdcab = _Rcdba = Rdcba;

so, given a choice of a, b, c,d (with, say a < b < ¢ < d for definiteness), there are only three
independent components with these indices and we can take as their representatives Rup.q,
Rpeaq, and Reqpq- The Bianchi identity tells us that the third of these is determined by the
other two, so we have in fact two components for each choice of four distinct indices, i.e., a
total of

2(2) _ 1—12n(n 1) (n—2)(n—3)

independent components.
Summing these up, we have a total of
1 1 1
En(n —1)(n—2)(n—-3)+ §n(n —1)(n—-2)+ én(n +1)
1

=—n(n—1) (n* —=5n+6+6n—12+6) = in?(n2 —1)

12 12
independent components. It is no coincidence that this is the same number we found in
our counting argument earlier in this section, as the curvature tensor is the obstruction to
looking metrically Euclidean.

In particular, note this size in low dimensions. In one dimension, there are no independent
components; the curvature tensor always vanishes there. Indeed, you’ve seen that any curve
can be parametrized by arc length, which provides you a local isometry with R.

In two dimensions, the curvature tensor has a single independent component, which you've
seen in another form as the Gaussian curvature. In this sense the curvature tensor generalizes
the curvature we defined for surfaces.

In three dimensions, the curvature has 6 independent components and in four dimensions
it has 20.

5If you have a cleaner way to do this please let me know.
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6.4. Sectional curvature. Another generalization of the Gaussian curvature is called the
sectional curvature, which essentially is the Gaussian curvature of a submanifold.

Definition 33. Let p € M and let II C 7,M be a two-dimensional subspace with basis v
and w. The sectional curvature of 11 is

K(IT) =

ol = (o, w)*

R(v,w,w,v)

We start by claming that K (IT) depends only on IT and not on the choice of basis v, w.
Indeed, suppose v and w is another basis, so

v =av + bw,

w = cv + dw,
with (CCL 2) invertible. We then use multilinearity and antisymmetry to see that

R, w,w,v) = (ad — be)R(v,w,w,v) = (ad — be)*R(v, w, w,v),
while we also have
[0 |@]* — (0, @)" = (ad — be)* (Jv]” [w]* — (v, w)") ,

so that K (IT) is well-defined.

One interpretation of K (II) is as the Gaussian curvature at p of the surface exp,(II). In
two dimensions, there is only one sectional curvature K at each point and the Riemann
tensor is given by

R(X,Y,Z,W) = K (X, W)Y, Z) — (X, Z) (Y, W)).

It’s also true that in higher dimensions the entire Riemann tensor can be recovered from the
sectional curvatures, but the reconstruction formula is long and we probably won’t use it in
this course.

Definition 34. A Riemannian manifold (M, g) has constant sectional curvature k if K (II) =
k for all p € M and all II C T, M.

As examples, you should check that S" = {z € R"™! | |z| = 1}, equipped with the pullback
of the Euclidean metric, has constant sectional curvature 1.

6.5. Curvature as an operator on tensors. Given an (r,s)-tensor T, for X, Y € X(M),
we obtain another (r, s)-tensor that we call R(X,Y)T by

R(X,Y)T =VxVyT = VyVxT — VixyT.
Proposition 35. If 0 € Q' (M), and X,Y,Z € X(M), then
(R(X,Y)0)(Z)=—-0(R(X,Y)Z).
Proof. By definition of Vy#, we have
Y (0(2)) = Vy0(Z) + 6(Vy Z),
so that
X (Y (0(2)) = X (Vy0(Z) +6(VyZ))
= (VxVy0) (Z2)+ VyO(VxZ)+Vx0(VyZ)+0(VxVyZ).
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Now, applying X (Y (f)) = Y(X(f)) — [X,Y](f) = 0 with the smooth function f = 6(Z2), we
have

0=X(Y(0(2)) - Y (X(0(2))) - [X,Y](6(2))
= (vaye —VyVxl — V[X’y]e) (Z)+6 (vayZ —VyVxZ — V[Xy]Z) ,

finishing the proof. U

In general, for an (r, s)-tensor 1", we have

(R(X,Y)T) (01,....00. 21, ..., 25

==Y T(O,....,RX. V), ....0.,Zy,.... Zy)
k=1

+Y T (01,00, 21, .. RIX,Y)Z,.... Zy).
k=1

Applying this to the metric tensor g, we already know Vxg =0, so R(X,Y)g = 0 and thus

0= [R<X’ Y)g] (27 W) =—9 (R(Xv Y)Z’ W) - 9(27 R(X7 Y)W>
=—-R(X,Y,Z,W)—-R(X,Y,W, Z),

which yields one of our earlier properties (nothing new here).
There is, however, a nontrivial property of VR, though:

Proposition 36 (Second Bianchi identity). For X,Y,Z, VW € X(M),
(VXR) (Y’ Z7 V7 W) + (VYR) (Zv X7 V7 W) + (VZR) (X7 Y7 V) W) = 0.

Proof. One (tedious) way to check this is to use the definnition and express the curvature
in terms of commutators and eventually appeal to the Jacobi identity as we did for the first
Bianchi identity. It’s convenient to take a shortcut.

The equation above is tensorial so it is enough to show it in a convenient choice of coordi-
nates. Fix p € M; we want to check the identity at p. We work in geodesic normal coordinates
at p, so Ffj(p) = 0. It’s enough to check it at p for (X,Y, Z,V,W) = (0;, 0;, Ok, Or, O,). Note
that because we are working in geodesic normal coordinates, we have V5 0, = 0 at p. We
therefore conclude that

VxR (Y,Z,V,W) =X (R(Y,Z,V,W))

at p because all other terms vanish.
We now compute. One shortcut we use is to keep two of the terms that vanish at p.
Indeed, we know that at p,

_R(aj7 ak? vaz‘&h am) - R(aju ak‘u a@? Valam> =0.

Our other shortcut is that we are using coordinate vector fields, and so [0, 0,] = 0. We use
this in two ways. First, there is no third term in the expression for R(0;,0x)0,. Second,
because the metric is torsion-free, we get to conclude that Vy,0, = Vg,0,. We then see that,
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at p,
X (R(Y,Z,V,W)) = 0; (R(0;, k)0, On) — R(0}, Ok, Vo,0¢, 0) — R(0}, Ok, O, Vo,0m)
= (Va, (Vajva,ﬁg - vakvajag) ,Om ) + <vajvaka¢ - V5,Vo,0, Vo,0m)
— (vajvakvaiag — V5,V Vo, 0y, 3m> — <Vajva,ﬁg - V4, V,0, Vai8m>
- <[v8w [vf’wvak” af’am>‘

Now we take the cyclic sum over ¢, j, k and use the Jacobi identity (which is a theorem about
letters and so valid for commutators) to finish the proof. O

6.6. Ricci and scalar curvature. Given the Riemann tensor R, we can define a (0, 2)-
tensor called the Ricci tensor by taking a trace. You should check for yourself that the
following definition is in fact the trace of R(e, X)Y regarded as a linear transformation
T,M — T,M.

Definition 37. The Ricci curvature is the (0, 2)-tensor given in any coordinate system by

" g 0
Ric(X,Y) = YRIX,—,—,Y ).
( ? ) ]; g ( ) axz ? axj ) )
The scalar curvature is a function given by contracting the Ricci curvature:

R, =Y g"Ric(0s,0) =Y 979" R (0k,0:,0;,0) .

k.l i,5,k,0

Note that the Ricci tensor is a symmetric (0, 2)-tensor.
The Ricci tensor and the scalar curvature satisfy a nice relationship called the contracted
second Bianchi identity.5

Theorem 38 (Contracted second Bianchi identity). For p € M and X € T,M, we have,
for any basis v; of T,M,

X(R) =2 " (Vy,Ric) (X, v;).

ij=1
where R denotes the scalar curvature and Ric the Ricci tensor.

Proof. The key idea is that the covariant derivative commutes with contraction. We’ll prove
it only for the two cases we need here, but it is true in general. © Geodesic normal coordinates
make this much easier to see.
Fix p € M and let z', ..., 2" be geodesic normal coordinates at p (so that I'};(p) = 0).
Recall that Vxg = 0, so that, in particular,

OGem — UlyGrm — Uinger = 0.

As we are working in geodesic normal coordinates, we have that at p, Oxge, = 0. In partic-
ular, because gp,g"™ = n, we also have 9,g‘™ = 0 at p. We then have, for a (0, 2)-tensor 7,

6This relationship comes up in relativity and tells you that the left hand side of the Einstein equations
(which describe the curvature of the spacetime) must be divergence free and therefore impose a constraint
on the right hand side (which describes the contribution from the matter fields).

"The more general statement follows by an inductive procedure together with the base cases of a (2,0)
and (1, 1)-tensor.
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that at p (again, we are using geodesic normal coordinates; ordinarily there would be more
terms!)

O (97 Ty;) = 9" 0kTy; = 97 (Va,T)ij.
Similarly, for a (0, 4)-tensor T, we have at p
O (97 Tijem) = 970k Tijem = 97 (Vo T)ijem.-
We now turn to the identity. By the second Bianchi identity, we have
0= (Va,R)(0;, 0k, 0, Om) + (Vo,R)(Ok, Oi, Op, On) + (Va, R) (05, 0j, Or, Om),

so we contract by multiplying by ¢* and ¢™ and then summing. Because contraction
commutes with covariant derivatives, we know that, e.g., at p

(Vo,R)(0;, Ok, Or, Op) = 0i (R(0j, Ok, Op, Om) )
so that we obtain at p
0=g"0, ("™ R(0;, O, 0p, 0)) + ¢"™0; (gMR((?k, 0,00, Om)) + O, (giegij(ﬁi, 95,00, 00m)) -
Using the definition of the Ricci and scalar curvatures, we see that this equation yields
R = g’ 0; (Ric(Ok, Opn)) + g"0i (Ric(Og, Or))
= 2¢"0; (Ric(d, 9;)) = 24" (Vaj Ric) (Ok, 0;),
as desired. 0
A significant application of the contracted second Bianchi identity is Schur’s theorem:

Theorem 39. Suppose n =dim M > 3 and M is connected.
(1) Assume there is a smooth function f € C*°(M) so that

RiCP(X7 Y) = f(p)g(Xv Y)

forallp e M and X,Y € T,M. Then f is constant.
(2) Assume there is a smooth f € C*®(M) so that

R(X7 Y, Z, W) = f(p) (g(Xa W)g(Y> Z) - g(Xv Z)g(K W))

forallp e M and X,Y,Z,W € T,M. (In other words, the sectional curvatures at p
are all f(p)/(n —1).) Then f is constant.

Proof. (1) We note that Ric = fg, so
V., Rie = V,,(fg) = vi(f)g.

The scalar curvature is the trace of Ric, so R = nf. By the contracted second Bianchi
identity, we have

nX(f) =2 g7V, Ric(X,v;) = 2X(f).

As n # 2, we conclude X (f) =0 and so f is constant.
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(2) Now observe
Ric,(X,Y) = Zgin (X, v;,v4,Y)

- Zf X Y)glj (X7 Ui)g(Y7 vj))

= Zf (”9 X Y ZgijgikagﬂYZ)
= Zf (ng(X,Y) = g(X,Y)) = (n—1)f(p)g,

putting us in the Settlng of the first part.
O

Not so relevant here, but an important tensor in relativity is the Einstein tensor, given by
Ric —%Rg. It is divergence-free by the contracted second Bianchi identity.

7. RIEMANNIAN DISTANCE

Definition 40. For a piecewise smooth path v : [0,¢,] — M, define its length

to to

L) = [, = [ e

0 0
and its energy
fo / 2 o / /

BO) = [ W= [ v

0 0
A quick exercise in the chain rule proves the following:

Lemma 41. L(v) is independent of orientation-preserving parametrization.

Proof. Suppose 7 : [0,tg] — M is smooth (for piecewise smooth, break into pieces) and
a : [0,s0] — [0,%0] is an orientation-preserving diffeomorphism. Let 4 = 7 o a, so then
¥ (s) =7'(a(s))a’(s), and

uw=A%W@uw=Aﬂwwmmme
=Aﬂwmmwww=AWﬂMﬁ=uw

We now make our Riemannian manifold into a metric space.
Definition 42. For (M, g) Riemannian, and p,q € M, define
d(p,q) = inf {L(v) | v:1[0,1] — M piecewise smooth, v(0) = p,vy(1) = ¢} .

Note that we could equivalently minimize the energy over paths from p to ¢ — one inequality
is Cauchy—-Schwarz and the other is reparametrizing by arc length.
Our aims for this section include the following:

(1) d is a metric,
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(2) If the infimum is attained, the minimizer is a geodesic,
(3) Conditions so that the infimum is attained, and
(4) A second derivative test for minimization.

Lemma 43 (Gauss lemma). Let P € M and v € T,M, v # 0. For any w € T,(T,M) =
T,M, we have

((Dexp,)y(v), (Dexp,)s(w)) = (v,w).
Proof. Let F(t,s) = t(v + sw) in T,M and F(t,s) = expp(ﬁ’(t, s)). Observe that

%(0,0) =0, %(0,0) =0,
%—f(l,o) =0, %(1,0) = w,
so that
O 0,0 =, o0 =0
%_1;(1,0) = (Dexp,),(v), 2—5@0) = (D expy)y(w).

The curve t — F(t,s) is a geodesic with initial velocity vector v + sw, so

DEN 4 and 6_F8_F_<+ + sw)
a\a )= an oL ot =V + sw,v + sw) .

We now claim that
D (0OF D oF
dt \ 9s ) ds\ ot )’
Assuming this claim, we have

0 /OF OF D OF OF OF DOF
E<Ea_> - <E§a_>+<§%a_>
B OF D OF
—0+<5@5>

10 /oF OF — ou)
“20s\ot o)\

So, since the value of the inner product at (0,0) is 0, its value at (1,0) must be (v, w).

We now prove the claim. Suppose F : [0,%y] x [0, so] = M is smooth. Note that
D (OF v aF_v 8F+ or or| D (OF OF OF
ds\ot) ‘s ot wot  |09s ot| dt\ s s’ ot |’

so it remains to see that the commutator term vanishes, which can be checked in coordinates.
(Alternatively, we could go immediately to coordinates to see that

D (9F\\" o*F* " oF' .
(% (E)) =5 +iZjFij(F(t, 5)) 5 OF o,

which is symmetric in the roles of s and t.) O
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Now we construct a “local position vector”. Fix p € M, and for g close to p we write
q = exp,(v) for some v € T,M (in the neighborhood of 0 where exp, is a diffeomorphism).
Let

P = (Dexp,)y(v) € Texp, )M =T, M.

Note that P is a smooth vector field defined in a neighborhood of p, and define the function
() in this neighborhood by

2
Qq) = vy,
where v = exp,*(¢). We claim that the gradient of Q is 2P.

Proof of claim. Define Q : T,M — R by Q(v) = |v|§7 so that in a neighborhood of p,
Q=Qo exp,,.

Take ¢ close to p and w € T;M, and let v = exp,'(q), and w € T,(T,M) = T,M be
defined by (D exp,,), () = w.

Since Q = exp, (), we have

((grad Q)q, w) = w(Q) = (D exp,),(w)(Q)
=1 (exp; Q) = w(Q)
— <(gradQ)v,zb> =2 (v, D).

Now by Gauss we also have (P, w) = (v,w), so we must have 2P = grad () because w (and
hence w) was arbitrary. O

Proposition 44. Let p € M and B,(0) = {v € T,M | |v|§ < r?}. Assume r > 0 is
sufficiently small that exp, |p, (o) is a diffeomorphism and let U = exp,(B,(0)). For q € U,
the radial geodesic vy from p to q is the unique shortest curve (up to reparametrization) in U
from p to q.

Proof. We have to show that for « : [0,¢] = U with a(0) = p and a(ty) = ¢, we have
(1) L(a) = L(3), and
(2) If L(«) = L(y), then « is a reparametrization of +.

In the notation from above, define a function R = /Q on U, so that V = P/R is the
outward radial unit vector on U \ {p}, and gradr = 5 grad@Q = P/R=V.

Without loss of generality we can assume that a(t) # p for ¢ > 0 (or else we could
start later with a path that was no longer). Write o/ in terms of its radial and orthogonal
components, i.e.,

o =(, V)V +N,

where N is orthogonal to V. (At t = 0, it doesn’t really matter what you do, so maybe take
V =a/(0) and N = 0.) We compute, for ¢t > 0,

= o) = (@, VY + NP = [, V)]

V is the gradient of R, so (/, V) = 4(Ro «), and thus

L(a) = /0 i o/ (t)| dt > /00 %(R oa)dt = R(a(ty)) = R(q).
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On the other hand, we compute the length of ~:

Liy) = / /()] dt = / o] dt = o] = R(g).

so L(a) > L(v). To get equality in the above inequality, we must have |N| = 0 and
o/, V)] = (!, V), so that o/(t) = (4£(Roa))V, and thus « travels monotonically along
and is a reparametrization. 0]

Proposition 45. Let U = exp,(B,(0)) be as above. For any q € U, the radial geodesic
from p to q is the unique (up to reparametrization) shortest curve in M from p to q, i.e.,

d(p,q) = L(7).

Proof. We know it’s the shortest curve within U from p to ¢, and L(y) < r, so it remains to
show that if a is a curve in M starting at p and leaving U, then L(«) > r. Since « leaves U,
it meets every geodesic sphere S(a) = exp,(0B4(0)) with a < r. If oy is the shortest inital
sement from p to S(a), then, because « lies in U initially, we must have L(a) > L(ay) = a
for all a < r, ie., L(a) > r. O

Proposition 46. If M is connected then d is a metric, i.e.,

(i) d(p,q) =0 if and only if p = q,
(i) d(p,q) = d(q,p), and
(iti) d(p,q) < d(p,z) +d(z,q) for any z € M.

Proof. Note that if M is connected then it is path connected (because it is a manifold), so
d(p,q) < oo. The second statement is easy by reversing paths, while the third follows by
concatenating them. One implication in the first statement is trivial, so it remains to show
that if d(p,q) = 0, then p = q. Let p,q € M, p # q. Let U = exp,(B,(0)) be as before. If
q € U, then we write ¢ = exp,(v) and then d(p,q) = [v| # 0, while if ¢ ¢ U, we saw that
d(p,q) > r, so we're done. O

Proposition 47. If (M, g) is Riemannian, then the distance function d induces a topology
on M that agrees with the original one. In other words, U is open in M if and only if for
all p € U, there is an € > 0 so that d(p,q) > € for all ¢ ¢ U.

Proof. Need to check:
(1) Given any open U C M and p € U, there is some r > 0 so d(p,q) > r for all ¢ ¢ U,
and
(2) Given any r > 0 and p € M, there is an open set U so that d(p,q) < r for all ¢ € U.
The second statement follows from the fact that exp, is a local diffeomorphism around 0.
The first statement follows from the proof of Proposition 45. O

Proposition 48. Let p,q € M and suppose that o : [0,1] — M is a path from p to q with
L(a) = d(p,q). Then « is a geodesic (up to reparametrization).

You might try to reparametrize o by arc length, but the worry is that it might no longer
be smooth. (Picture sharp corners you can slow down enough for.) Instead we’ll cut it into
small pieces and use Proposition 44.

Proof. Split [0, 1] into finitely many intervals [t;, ;1] so that «([t;, t;10]) C U;, where Uj is
a normal coordinate neighborhood of «(¢;;1). Because o minimizes distance between its
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endpoints it must also minimize distance between the points in between by the triangle
inequality, so that

L (a [tiyti+2]) = d(a(t;), a(tiyz)),

[ti,t:10] 15 @ Teparametrization of a geodesic. Write

[titiv2] = Vi © P,
where ~; is a unit speed geodesic and ¢; is monotone. Say ~; : [0, T;] — U; and ¢; : [t;, tiyo] —
[0, 73] and let 7; = w;(tiv1) € [0, T3], (7)) = altizr).

Consider, for s € [0, 1], the geodesics s +— ;((T; —7;)s+7;) and s +— 7;41(Ti115). Note that
these have the same endpoints and are both contained in the normal coordinate neighborhood
U;y1, and are both radial geodesics, so the must agree. We can then define v by

1) = ( - Z)

for all s so that 23;11 7, <s< 23:1 7;, S0 that v is a unit speed geodesic connecting p and
¢ and a reparametrization of a. O

and thus «

(07

7.1. Existence of minimizing geodesics. We can’t always expect that there are mini-
mizing geodesics. Take, for example, M = (R"\ {0}, 0;;), which has no geodesic joining x
and —z.

Proposition 49. Suppose (M, g) is Riemannian and connected, p € M, and the domain of
exp,, is all of T,M. Then for all ¢ € M there is a geodesic y from p to q with L(v) = d(p,q).
Proof. The idea is to build a geodesic piecemeal to find a minimizing curve. Now, given p, q,
choose r > 0 so that exp, |, () is a diffeormorphism.

If d(p,q) < r, we're done by earlier results, so we can assume that d(p,q) > r. Define
S C M as the geodesic sphere around p of distance r, i.e.,

S={zeM|d(zp) =r}={exp,(v) |veT,Mv|=r}.

We need to find a direction to start. As S is compact and d(-,-) is continuous,
a minimizer m € S so that

8 we can find

d(m,q) <d(z,q), forall ze€S.

We now claim that d(p,m) + d(m,q) = d(p,q). Note that one inequality follows imme-
diately by concatenation of paths, so we must show only that d(p,m) + d(m,q) < d(p, q).
Indeed, given any ¢ > 0, we can find an « : [0,1] — M with a(0) = p, a(1) = ¢ and
L(a) < d(p,q) +e. The intermediate value theorem implies that there is some 7 € [0, 1] with
d(p,a(r)) =7, 80 (1) € S. Asm € S, we have d(p,m) = r = d(p,«(r)). Because m is a
minimizer, we have d(m, q) < d(a(1),q), so that

d(p, m) + d(ma Q> S d(p, a<7)) + d(Oé(T), Q) S L(a|[0,7']) + L(a|[7,1]) = L(a) S d(p7 Q) + €.

As this inequality holds for all € > 0, we conclude that d(p,m) + d(m,q) = d(p, q).

Moving on, we let v be a unit speed geodesic with v(0) = pand v(r) = m. (Asm = exp,(v)
for some v with |v| = r, put 7(t) = exp,(tv/r).) By hypothesis, v is defined for all ¢, so we
let £ =d(p,q). We aim to show that () = ¢. Let

to=sup{t € (0,4 [t +d((t),q) = (}.

8You can see this by playing with the definition of d.
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Note that the set on the right is non-empty because 0 + d(v(0),q) = d(p,q) = . If ty = ¢,
then we're done as this shows that d(v(¢),¢) = 0 and hence v(¢) = q.
Suppose now that ¢y < ¢ and let

S={ze M |d(y(t),2) =7},
where 0 < 7 < £ — o is sufficiently small that exp, ) is s diffeomorphism on the ball of

radius 7. Choose 7 € S with d(m, q) < d(z,q) for all z € S. The same argument as before
shows that d(y(to), ™) + d(m,q) = d(y(to), q), and so

to +d(y(to), m) + d(m, q) = to + d(y, ¢) = d(p, q) < d(p,m) + d(mn, q),
so that
to -+ d(y(to), 1) < d(p, ).
On the other hand,

d(p,m) < d(p,7(to)) + d(v(to), M) = to + d(7(to), ),
so that to + d(v(to), m) = d(p, ™), and

d(p,~(to)) + d(v(to), m) = d(p, m),

so that all three points lie on the same geodesic and thus m = y(ty + 7), so that

to+ 7+ d(v(to +7),q) = d(p,q),

a contradiction. Thus tg = ¢ and we are done. O

Theorem 50 (Hopf-Rinow). The following are equivalent for (M, g) connected:

(1) (M,d) is complete as a metric space,

(i) There is some p € M so that exp,, is defined on all of T,M,
(iii) For all p € M, exp, is defined on all of T,M, and
(iv) Every closed and bounded subset of M is compact.

Proof. The plan is to show (i) implies (iii) implies (ii) implies (iv) implies (i). One implication
is honestly trivial ((iii) implies (ii)), while another is “trivial” ((iv) implies (i), which follows
from your undergraduate analysis course). We therefore need to show (i) implies (iii) and
(ii) implies (iv).

To show (i) implies (iii), we start by fixing p € M and v € T,M. Let v be the unique
geodesic starting at p with 7/(0) = v. Assume ~ cannot be extended to [0,00) and let [0,T")
be the maximal interval of definition. Take t; 1 7T, then

d(v(tk), Y (trrn)) < 0] (g — ) < |0[ (T = 1) = 0,

so that y(tx) is a Cauchy sequence. As (M,d) is a complete metric space, y(tx) — ¢ as
k — oo and hence (T') = ¢. By short-time existence for ODEs, we can extend beyond 7.7

To show that (ii) implies (iv), we assume that exp, is defined on all of T,M and that
A C M is closed and bounded. Let R > 0 be so that d(p,q) < R for all ¢ € A, so that

A C exp,(Bgr(0)) where Br(0) C T,M is the closed ball of radius R. (This follows by

the existence of minimizing geodesics.) As Bg(0) is compact and exp, is continuous, A is
therefore a closed subset of a compact set in a Hausdorff space and is thus compact. O

9This really needs an additional lemma from ODEs, which would say that if ~ is continuously extendible,
then it is smoothly extendible.
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7.2. Stability of geodesics. Recall the length and energy of a curve a: I — M:

:/I|o/(t)| dt, E(a)2/1|0/(t)2

Recall further that L(«) is invariant under reparametrization but E(«) is not.

Proposition 51. If o : [0,t] — M, then E(a) > L(a)?/ty, with equality if and only if « is
parametrized by a multiple of arc length.

Proof. Observe that

o) = [l ([0 ) " ([ «) " By,

and equality holds if and only if |¢/(¢)| and 1 are linearly dependent functions, i.e., if « is
parametrized by a multiple of arc length. 0

Corollary 52. d(p,q)? = inf {E(a) | a:[0,1] = M, a(0) = p,a(1) = q}.
7.2.1. First variation formula. Suppose a : [0,1] — M.

Definition 53. A variation of « is a smooth map F': [0,1] x (—e€,€) — M so that F(¢,0) =
a(t). We typically write as(t) = F(t,s). Sometimes F' is called a homotopy. If F(0,s) =
F(0,0) and F(1,s) = F(1,0) for all s, then F' is a variation fixing the endpoints.

Set E(s) = E(as) and define V € X'(a) by V = F-[—
The following proposition is a straightforward computatlon (after knowing, as we showed

before, that 2 (%—f) = (%f))

Proposition 54. Geodesics are critical points of E for variations fixing the endpoints.

Proof. We compute

1, 1d
SE0) = 3t obla) = 5 [ 2 a0 ol(0) o

- [{2 (2 a0
:/0 <dt (%F),as(t)>|5:0dt
_ _/01 <V(t),%o/(t)> dt+[(V (1), o' (D),

where the last equality follows by integrating by parts (or, using the compatibility of D/dt
with the metric). If the variation fixes the endpoints, the second term vanishes and so the
critical points of F are when 2 70/ (t) =0, ie., when « is a geodesic. 0]

7.2.2. Second variation formula. Let’s start by calculating the second derivative of E:
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Proposition 55.

%E”(O):/O <%V(t),%1/(t)> dt—/o R(/(1), V(1),a/(t), V(1)) dt

oF ==ty p o OF
F[(FaTee0)] - [ (Fovas)

Proof. The first variation formula gave us

0L (5
[ (G v o
IR t—s>'s°dt
/O<a >dt

_/0 {at< (1), V(1) - <Vao/(t),V(t)>] dt.

ot

The second derivative is given by

1, L9 JOF OF
380 = | @<E,E>|sodt

L' JOF OF 1 oF OF
:/ <8t Vaasvaasg>|sodt+/0 Vo— Va—>|sodt

L JOF OF ! OF |?
_/0 <§,v§svat as>|s:0dt+/o Voa.
L JoF 3, 170 OF OF\ 0 ! OF |?
/0<at’vc%v§sas>|”t /O<a R<8t 03)0s>|80t+/0 Vaas|,, "
1o /oF oF oF OF
- [ a(ovem) (Ve vaa)] @
1 1 D 2
- / (o (1), R(a/ (£), V() V(1)) dt + / <%v<t>> dt.
0 0
Applying the fundamental theorem of calculus finishes the proof. O

We make several observations:

(1) If F' is a variation fixing the endpoints, then the term in brackets in the proposition
vanishes.

(2) If a is a geodesic, then Vg 5.0/ (t) = 0 and so the last term in the proposition vanishes.

(3) If both of the above hold and we integrate by parts (and use a symmetry of R), we
obtain

%E”(O) - K%V(t),‘f(t)ﬂt_l —/01 <v<) f;zV( )+R(V(t),o/(t))o/(t)> dt.

t=0
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(4) If (M,g) has non-positive sectional curvature, then E”(0) > 0 for variations of
geodesics fixing the endpoints, i.e., geodesics are minimizers of energy.

(5) Similarly, if « is a geodesic and L(«) is sufficiently small, then the second integral in
the proposition is small and so short geodesics are also stable.

In fact, let’s give this a name (and write it as a bilinear form for later):
2

(2) I(V,V) :/O dt—/o R(V(t),d/(t),a/(t),V(t)) dt.

7.3. Jacobi fields. The third item in the note at the end of the last section motivates a
definition:

V(1)

dt

Definition 56. For a geodesic «, a vector field V' € X («) is a Jacobi field if
2

%V(t) +R(V(1),0/(t) o'(t) = Vary VoV (1) + R (V (1), /(1)) o'() = 0;

for all ¢.

Standard results from (linear!) ordinary differential equations tell us that the initial value
problem is well-posed, i.e., given v,w € Ty M, there is a unique Jacobi field V' € X(«)
with V(0) = v and 2V(0) = w.

Proposition 57. If « is a geodesic and V € X(«) is a Jacobi field, then there are a,b € R
and a normal Jacobi field W (i.e. a Jacobi field W with W (t) L /(t)) so that

V(t) = W(t) + (a+ bt)d'(t).
Proof. Observe that because « is a geodesic we have
L wvw.aw) = {Zvo.aw) = -Re.o0.00.00) =0
dtQ y & - dtQ ne - y & ne y & ]
so that
(V(t),d(t)) = a+ bt
for some constants a,b € R. Let W(t) = V(t) — (a + bt)d/(t), so (W(t),a'(t)) = 0 and thus

W is normal. Now (a + bt)c/(t) is a Jacobi field, and the Jacobi equation is linear, so W is
also a Jacobi field. O

One way Jacobi fields arise is via families of geodesics:

Theorem 58. Let o : [0,1] — M be a geodesic.
(1) If F :[0,1] x (—€,€) — M is a variation of o through geodesics (i.e., t — F(t,s) is a
geodesic for each s and F(t,0) = a(t)), then 25|_y € X () is a Jacobi field.
(i1) All Jacobi fields along o arise in this way.

Proof. The first statement is a calculation:

OF oF oF OF OF\ OF oF OF\ OF
= = < = R[S ) =R (e o ) S
VeVeas ~VaVam T VEVaa (as’ at) o (as| 0 at) o
where in last equality we use that ¢ — F(t,s) is a geodesic for each s to conclude that

Vg%—f = (. Restricting to s = 0 we see that 38_§|s:0 is a Jacobi field along «.
ot
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For the other part, assume that V' € X'(«) is a Jacobi field and let v : (—¢,€) — M be a
curve with (0) = a(0) and 7/(0) = V(0). Let X € X(v) be a vector field with X(0) = a/(0)
and

V%X(sﬂs:o = V%V(t)hzg.
Let F(t,s) = exp, ;) (tX(s)), so that
F(t,0) = expyg (ta'(0)) = a(t),
F(0,5) =(s),

so in particular

We now observe that

and so

OF OF
V@EIS:)&:() = V%X(S)’SZO - V%V(t)‘t:() — V o a—’S:tzo.
Let V = %—§|5:0. As F is a variation of o through geodesics, V is a Jacobi field arising in
the claimed way. We now see by the above computation that

V(0) = V(0),
V%V(t”t:o = V%V(t)hzo,

so then uniqueness of solutions of linear differential equations implies that V =V, i.e., that
V' arises by a variation of « through geodesics. 0

Corollary 59. Ifa : [0,1] — M is a geodesic and v € Too)M, then V (t) = (D eXpa(O))ta/(o) (tv)
is the unique Jacobi field along a with V(0) =0 and 2V (0) =v
Proof. Let F(t,s) = exp, ) (t(a/(0) + sv)). Note that

oF
_|s 0 — (Dexpa( )) 1(0) (t?)) = V(t)7

so V is indeed a Jacobi field. It is straightforward to check it satisfies the claimed initial
conditions. ]

The theorem above motivates one of the main uses of Jacobi fields, which is a use more
akin to boundary value problems than to initial value problems:

Definition 60. If o : I — M is a geodesic and ty,t; € I with to # t1, then a(ty) and «(t)
are conjugate along « if there is a nontrivial Jacobi field V' € X' («) with V(ty) = V(1) = 0.

Theorem 61. Let o : [0,1] — M be a geodesic.

(1) Suppose there is no point conjugate to «(0) is not conjugate to a(t) for all t € [0,1].
There is a number € > 0 so that if v : [0,1] — M is a piecewise smooth curve with
7v(0) = a(0), v(1) = a(1), and d(y(t), a(t)) < € for allt € [0,1], then L(v) > L(«) with
equality holding if and only if v = a up to reparametrization.
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(11) Assume «(0) is conjugate to () along « for some 7 € (0,1). Then there is a variation
F:(—€,€)sx[0,1]y = M of « fizing the endpoints so that L(c) < L(«) for sufficiently
small s.

The intuition (and idea of proof) is that the conjugate points come from zero eigenvalues
of the bilinear form I arising as the Hessian of the energy functional under variations fixing
the endpoints; having a negative eigenvalue at the end (so a direction in which one can
decrease length) forces a zero eigenvalue somewhere in the middle.

You should also note that the two parts of the theorem are not quite complementary:
you can think of this in analogy with the failure of the second derivative test in freshman
calculus. Indeed, the first part of the theorem tells us that the second derivative of energy
is positive, so a small variation will increase energy, while the second tells us that there is a
direction in which the second derivative is negative, so you can move that way to decrease
energy.

Before we prove the theorem, there’s a useful proposition about solving a boundary value
problem:

Proposition 62. Suppose o : I — M is a geodesic and to,t; € I with ty # t1. If a(ty)
and a(ty) are not conjugate along o, then for all vg € TouyM and vy € Tyu M, there is a
unique Jacobi field V' along a so that V (tg) = vy and V (t1) = vy.

Proof. This is essentially an elementary linear algebra statement in disguise. For w €
Tatte)M, let J,, denote the unique Jacobi field along o with J,,(to) = 0 and %Jw(to) = w.
Consider the map T4 0)M — Ty M given by
w — Jw (tl)

This is a linear transformation and must be invertible because any nonzero element of the
kernel would give a Jacobi field vanishing at a(to) and a(¢;) but these points are not conjugate
along «.

Let Vo(t) denote the Jacobi field along a with V(ty) = vy and 2V (tg) = 0. If L is the

linear map defined in the previous paragraph, let w = L™!(v; + V/(¢1)), then one can check
that J, + V{ is the unique Jacobi field satisfying the given boundary conditions. O

Proof of theorem. (i) If p = «(0) is not conjugate to «(t) for all ¢ € [0,1], then by the
previous proposition, (writing v = o/(0))

(D epr) tv

is invertible for all £. By the inverse function theorem, exp, is a local diffeomorphism in
a neighborhood of tv for each ¢ € [0,1]. We then cover the compact set [0, 1]v C T,M
by a finite collection U; of neighborhoods on which exp, is a diffeomorphism. Let
0=ty <t <--- <t =1 be a partition of [0,1] so that [t;_1,t;]v C U;, and let
e > 0 be sufficiently small so that for all v as in the theorem statement, there is a lift
B :[0,1] = T,M with v = exp, off and §(t) € U;U; for each t € [0, 1].

By the Gauss lemma, we know

(3) ((Dexp,) i, (B0, (Dexp,) i (8(1)) = (B(1), B(1))
By Cauchy—Schwarz, the left side is bounded above by

(Dexp,) ) (BE)| | (Dexp,) 4, (58] = 18O [(Dexp, a0 (B'1)]
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where the equality also holds by the Gauss lemma. On the other hand, the right side
of equation (3) is equal to

1d , d
57 BOF = 16@)| = 15(1)].

Dividing by |3(t)|, we therefore have [7/(t)| > 4 |3(¢)], and exp,(6(1)) = v(1) = (1) =

exp,(v), so B(1) = v because it’s close to v. We therefore have

o) = [ Wold [ L180]d=130)] = o = Lo),

The equality statement follows from arguments analogous to those we gave ealier about
minimizing geodesics. (These are locally minimizing.)

(ii) We sketch a proof of the seonc statement. Let V(¢) denote the nontrivial Jacobi field
along o with V(0) = 0 and V(7) = 0. Let W (¢) be a vector field along « so that
W(0) =0, W(1) =0, and

D

W(r) = =V ()]

For 0 € R, we define a piecewise smooth vector field X along « by

vy +ow) telo,r]
X() = {5W(t) ternl]’

Note that X is continuous because V' vanishes at 7. Now we calculate, using the bilinear
form I defined above (2):
—V(t)

T|D 2 /D D YD
(X, X) :/ dt+25/ <—V(t),—W(t)> dt+62/

dt
T T 1

—/ R(V,d/,d/,V) dt—26/ R(v,a',o/,W)t—52/ R(W,do, o/, W) dt
0 0 0

2

= 2 I(W, W) + 26 <%V(T), W(T)>

where in the last equality we used that V satisfies the Jacobi equation,

[ (G gwe) a=|(Fve. W<’f>>]“ - [(Gvowe)

t=0
and then that V satisfies the Jacobi equation again. Given our choice of W, we obtain
that

(X, X) =2 I(W, W) — 26 |W(T)[>.
As W(7) # 0 because V' is nontrivial and vanishes at 7, I(X, X) < 0 for sufficiently
small § > 0. We can then take

F(s,t) = expa(t)(sX(t))

to find a continuous variation through piecewise smooth curves that decreases length.
Approximating it by a smooth variation then finishes the proof.

O
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7.3.1. Another interpretation of Jacobi fields. Recall that the connection gives a splitting
(at each (p,v) € TM) of T, (T'M) into horizontal and vertical subspaces, i.e.,

T(pyv) (TM) = H(p,v) D V(zmv)7

where V{;, ) = ker 7, (so 7, gives an isomorphism H,,) — T,M) and H,,) = ker K (so K
gives an isomorphism V, ,) — T,M ).10

We now let ¢, : TM — TM denote the geodesic flow map (sometimes called geodesic
spray). In other words, we let

¢e(p,v) = (v(1),7' (1)) ,

where v is the unique geodesic with v(0) = p and ~/(0) = v.

Fix a geodesic o : I — M and a Jacobi field J along «. Let a : I — T'M denote the lift
of a, i.e.,

a(t) = (a(t), o/(t)).

We use the splitting above to encode the initial data of J at (p,v) = &(0). In particular, we
take § € T(p)(T'M) so that

Ke — %ytzom), )

Such a ¢ is guaranteed to exist by the splitting of T}, .)(T'M) into horizontal and vertical
subspaces. We now define Y (t) € X' (@) by

Y(t) = (¢), & € Taw(TM).
Proposition 63. With J a Jacobi field along o and Y defined as above, we have
J(t) = mY (),
i.e., the Jacobi field J is given by the horizontal part of Y.

Proof. We appeal again to the uniqueness of solutions of differential equations; we demon-
strate equality by showing that .Y (¢) is a Jacobi field along a with the same initial condi-
tions as J.

Choose a curve ¥ : (—¢,€); — T'M with 5(0) = (p,v) and 7'(0) = £ (where § € T(p ) (TM)
is given as above). We then have

d -
(¢1), & = Ts (¢¢ 07) (5)]s=0,
and

mY () = 7% (90). € = 5= (70 90 07) (8)omo.

We now write ¥(s) = (v(s),7'(s)) and set

F(s,t) = (w0 ¢ro7)(s) = expyy) (t7'(s))

so that F' is a variation of o through geodesics and thus 63—5 = m,.Y(t) is a Jacobi field along

Q.

10Recall that K : Tip)(TM) — T,M was the “Ehresman connection”. We defined it in terms of the
covariant derivative by taking & € T{, ,\(T'M) and choosing v : (—€,e) — TM with v(0) = (p,v) and
7' (0) = & We then set @ = m o~ and regarded v € X(a) to define K¢ € T,M by K& = %’y(sﬂs:o. We
showed (in coordinates) that K was independent of the choice of .
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We now compute its initial data. Note that

.Y (0) = 7o)+ = m& = J(0).

We regard 7 as a vector field over 7, so by definition

D D
25/ ()0 = KE= oo ().
But the other piece of initial data is
D oF oF D
%W*Y(t)h:o = v%%‘s:O,t:O = V%EI‘SZOJZO = %7,(8)|s:0,
finishing the proof. 0

Corollary 64. If o : [0,1] = M is a geodesic and v € To\M, the unique Jacobi field V
along a with V(0) =0 and %V(O) = v is given by
V(t)= (D eXpa(O))ta/(o) (tv) .
Proof. Note that
F(s,1) = expy(g) (1(c/(0) + sv))
is a variation through geodesics giving the Jacobi field V. You can check that it has the
right initial conditions. U

7.4. Applications of variational formulae. The main applications of Section 7.3 are the
following results connecting curvature and topology:

Theorem 65 (Synge). If M is a compact, oriented, even-dimensional Riemannian manifold
with strictly positive sectional curvatures then I11;(M) = 0.

Theorem 66 (Myers). If M is a complete Riemannian manifold with Ric(X, X) > A \X\Q
everywhere for a fized A > 0, then

n_
A

diam(M) = sup{d(p,q) | p,g € M} <

with equality holding on the sphere.
Corollary 67. Under the hypotheses of Myers’s theorem, M is compact by Hopf-Rinow.

Corollary 68. Under the same hypotheses, the universal cover of M 1is also compact and
thus 111 (M) is finite.

Proof of Synge’s theorem. Assume that IT; (M) # 0 and pick a noncontractible closed curve
7. We may assume that + is smooth and parametrized by [0, 1].

Find « € [y] that minimizes length. You can do this by looking at concatenations of broken
geodesics to tend to the infimum (which is positive because v is not contractible and M is
compact). A technicality that we’re not addressing here is that you need an upper bound
on the number of break points, but you can aensure that each segment has some minimum
length because M is compact (so the size of balls on which you have normal coordinate
charts is bounded below). Without loss of generality, we can assume that « : [0,1] — M is
a geodesic loop (so that «(0) = a(1) and /(0) = o/(1)).

Let Pj : TooyM — To@M denote parallel transport along «. Because parallel transport
preserves angles and lengths, P} : T, aM — ToyM = T, )M is an orientation-preserving
isometry, i.e., P} € SO(n).
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Because Pia/(0) = o/(t), Pia/(0) = o/(1) = o/(0), so /(0) is an eigenvector of P} with
eigenvalue 1. We want to find another one.
Parallel transport preserves angles, so Py preserves the subspace

V ={v e TyoM | (v,a’(0)) = 0} C To)M.

The dimension of V is odd, so Pj : V' — V has a real eigenvalue (as odd degree polynomials
have at least one real root); because P} € SO(n), at least one of these real roots must be
+1, i.e., there is some v € Ty )M with v # 0, (v,¢/(0)) = 0 with Pjv = v.

Let V € X(«a) be V(t) = Plv, so V is parallel, and

[(V,V)z/o \va/atV(t)fdt—/o R (1), V(t),V(t),d (1)) dt,

which must be strictly negative because the first term vanishes (as V' is parallel) and the
sectional curvatures of M are bounded below away from zero. The variation

F(s,t) = XDy (1) (sV(t)) = as(t)

is a homotopy of a to a curve with strictly shorter length, contradicting that o minimized
length in its homotopy class. 0

Proof of Myers’s theorem. Fix p,q € M, we aim to bound d(p,q) from above by the pur-
ported bound. (It is easy to check that the sphere of radius A~! satisfies the claimed bound
with equality.)

As M is complete, there is a minimizing geodesic « : [0,1] — M from p to ¢ with
L(a) = d(p,q). Note that because « is minimizing, we have I(V, V) > 0 for all vector fields
along a with V(0) =0 and V(1) = 0.

Choose Xi,..., X,—1 € X(a) so that X;(0), ..., X,-1(0), iy’ (0) form an orthonormal
basis for T, M and all X; are parallel along a.. In particular, at each ¢, they continue to form
an orthornomal basis for T, M.

Define

Y;(t) = sin(rt) X, (¢),

so Y;(0) =0, Y;(1) =0, and thus 1(Y;,Y;) > 0.
We compute

)= [

= 2 /O cos?(t) dt — /O sin?(mt) R (X; (1), o/ (t), o/ (£), X;(8)) dt.

Sum over ¢ = 1,...,n— 1 and observe that the last term gives a contraction of the Riemann
tensor (since X; are orthonormal and the remaining direction is parallel to o/(¢) and thus
the term is zero) to obtain

%m)‘ - / R(Y;(1), o/(t), (1), (1) dt

n—1

0< Z[(Y},Y]) = (n— 1)7r2/0 cos®(7t) dt — /0 sin?(7t) Ric(/(t), o/ (t)) dt

j=1

< (n-— 1)%2/0 cos?(mt) — )\/0 o ()] sin®(rt) dt.
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As « is a geodesic parameterized on a unit interval, we have |o/(t)| = L(«), so

1 1
L(a)Q/ sin?(mt) dt < 7r2/ cos®(mt) dt,
0 0

n—1

ie.,

n—1
L <
(@) <m /™5

8. SUBMANIFOLD GEOMETRY

Our aim in this section is to generalize the results from last semester about immersions
of surfaces in R3. Recall that if M is a smooth surface and F' : M — R? is an immersion, it

induces a metric g on M by
oF OF
950 = g 2 )

(This is sometimes called the first fundamental form.)
The second fundamental form is given by

hii () = oF v\ /&
G =Nzt o )~ \owiow' ")

where v is a unit normal to the hypersurface. (The second equality holds because OF

8111' Y
0.) This definition requires an orientation on M to make global (as you need a global choice
of normal vector), but the Gaussian curvature (defined locally) does not:

R = R(@l, 82, 02, 81) = h11h22 — h% = det h.

v) =

8.1. General set-up. Suppose now that M is a submanifold of M and that (M,g) is
Riemannian.!* The inclusion induces a Riemannian metric on M by restriction:

gp(v,w) = yp(v, w) (: §p<L*U, L*w)) )
For p € M, we write the tangent space to M in terms of tangential (to M) and normal (to
M) components:
T,M =T,M & (T,M)", v =tan(v) + nor(v).
We define three spaces of vector fields on M (sitting inside M):

e X(M) is the space of vector fields on M taking values in TM (ie., V : M — TM,
V, € T,M),

e X (M) C X(M) is the space of vector fields on M taking values in TM (i.e,. nor(V) =
0), and

e X (M) C X(M) is the space of vector fields normal to M (i.e., tan(V') = 0).

Let V denote the Levi-Civita connection on (M, g) and V denote the Levi-Civita connec-
tion on (M,g). Suppose X € X(M) and V € X(M). We'd like to define Vi, X. To do this,

we pick extensions of X and V' to M, which we call X and V, ie., X is a vector field on M
so that Xy = X.

H)More precisely, you have an inclusion map ¢ : M — M. Nearly everything below should have pull-
backs/pushforwards by iota, but I won’t write them.
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Lemma 69. ﬁVEM 1s independent of extension.

Proof. The proof is essentially the same as when we defined the covariant derivative along
a curve. Suppose X restricts to X and that V restricts to V. Fix a pomt p € M and take
local coordinates (x', ..., z"*) so that M is locally defined by z"™! = ... = 2" = 0. We
then have that ai are a local frame for TM and the first n of them are a local frame for
TM.

We then compute

n+k P
ViXlu =Y (ViX) ==
1% ’M ; ( 1% ) al’J ‘M
n+k ] n+k
—i0X 0 il 9,
_ Z Vi ol + Z VX Tiy(a) 5 .

i,7=1 i,j,0=1

which restricts to (as VnH]M =0fori=1,... k)
aX a z L ]

ij=

and this expression is clearly independent of hovv X and V were extended. U

Proposition 70. Suppose V,W € X(M), X,Y € X(M), and f € C>(M).
(Z) YV+WX = vv)_( +vwi(, vaX = fvv)(L
(it) Vy(X +Y) =Vy X + VY, Vi (fX) = fVv X + V(f)X,
(iii) Yy W — V'V = [V,W] € X(M), and
() V{X,Y)=(VyX,Y)+ (X,VyY).
Proof. All but (iii) follow immediately from properties of the Levi-Civita connection and the

fact that the definition of V is independent of extendion. The third follows from M being a
submanifold as well; if + denotes the inclusion map, we know immediately that

VvW —VyV = [V, W],

where V' and W are extensions of V' and W. In particular they are t-related to V and W,
so their Lie bracket is ¢-related to [V, W] and thus is equal to [V, W]. O

8.2. The second fundamental form. We now want to compare our two covariant deriva-
tives. Suppose V,W € X (M) and define

]I(V, W) = VVW —VyW e T(M),

the second fundamental form. A quick calculation shows that I is bilinear over C*°(M) and
so is a (1, 2)-tensor.

Proposition 71. Suppose V,W € X (M).
(1) I(V,W) € XH(M) (so VyW = tan(VyW) and I(V,W) = nor(Vy W) ), and
(2) IV, W) = (W, V).

Proof. The second one follows almost immediately from the previous proposition:

IV, W) —L(W,V) =VyW = VyV = Vv W + ViV = [V,IW] — [V,IV] = 0.
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For the first, suppose that VW, X € X(M); it suffices to show that <VVW,X > =
(VyW, X), as then (I(V, W), X) = 0 (so I(V, W) is orthogonal to all vectors tangent to

Extend V,W, X to V,W,X € X(M). Recall our formula showing the existence and
uniqueness of the Levi-Civita connection:

(VeW,X) = % VW, X)+W(V,X)-XV,W—(V,[W,X]) —(W,[X,V]) + (X, [V,W])] .

Observe that the restriction of each term to M is the same expression without bars and
therefore yield (VW) X). (Strictly speaking, you need to do some symbol-pushing with
the inclusion map here; the last three terms follow from the Lie bracket of t-related vector
fields being t-related to the Lie bracket of the originals, while the first three follow almost
by definition.) O

We therefore have Il : X(M) x X (M) — X+ (M).
We introduce another piece of notation: for Ve X(M) and X € X+(M), we let

DX = nor(Vy X).

Theorem 72 (Gauss equation). Let VW, X,Y € X (M) and let R denote the Riemann
tensor for (M, g) and R denote the Riemann tensor for (M,g). R and R are related via the
second fundamental form:

Corollary 73. IfII C T, M is spanned by v and w, then
<]I<U’ U), ]I(wa ’LU)) — ’]I(’U7 U))’Q

[ Jw]* = (v, w)”

K(II) = K(IT) +

In particular, if im M = 2 and dim M = 3, then you get the determinant of the second
fundamental form!

Proof of Gauss equation. Observe that
VvV X = Vy (VX +T(W, X))
=V VX +1(V,VywX) + Vy (I(W, X)).
Using this identity twice yields
R(V,W)X =Vy VX — Vg Vv X — ViyinX
=VyVy X = Vi VX — VX
+I(V, VwX) = IL(W, Vy X) — I([V, W], X)
+ Vy (I(W. X)) = Vi (I(V, X))
(4) =R(V.IX+T(V,VyX) - T(W,VyX) - TI([V, W], X)
+ Vy (I(W. X)) = Vi (I(V, X))

Now we take the inner product with Y € X(M); since I € X_L(M), the second, third, and
fourth terms vanish. We then then use the compatibility of V with the metric on M (and
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the fact that I and Y are orthogonal):
R(V,W,X,Y)=R(V,W,X,Y)+(Vy (I(W,X)),Y) — (Vw (I(V, X)) ,Y)
= R(V, W, X,Y) — (I(W, X) VVY> + (I(V, X), Vi Y)
= R(V,W, X, Y) + (I(V, X), I(W,Y)) — (I(W, X), I(V, Y)) ,
with the last equality holding because I(V,Y) is the normal part of VY. O

To state the Codazzi equation, we need to discuss what we mean by the covariant derivative

of the second fundamental form. More precisely, we regard II as a a section of the vector
bundle

"M @T*M @ (TM)*
equipped with the connection
VJ_ — vT*M ® VT*M ® DJ_.
In particular, for VW, X € X(M), we have

Theorem 74 (Codazzi equation). For V,W, X € X(M), the second fundamental form sat-
1sfies

(VyD)(W, X) = (VipD)(V, X) = nor (R(V, W) X) .

Proof. Take the normal components of the identity (4) used in the proof of the Gauss equation
to obtain

nor (R(V,W)X) =04+ 1(V,VywX) —T(W,VyX)—L([V,W],X)
+ Dy (I(W, X)) — Dy (I(V, X))
=1(V,VwX) —L(W,VyX) - I([V, W], X)
+ (Vi) (W, X) + L(VyW, X) + TL(W,VyX)
— (Vi) (V, X) = (Vi V, X) = T(V, Vip X)
= (VyI) (W, X) — (Vi D) (V. X) + L(VyW — ViV — [V, W], X),

which finishes the proof because the Levi-Civita connection is torsion-free. O
8.3. Example curvature computations. We consider a few main examples.

8.3.1. The round sphere. Consider the sphere S% of radius R in R"™! and n > 2. Note that
at x € R"™! |z| = R, the outward pointing unit normal to S% is

where z is also regarded as the position vector. For a vector v € T, M, note that the j-th
component of the directional derivative of the position vector is

- ,
= E v'=—2x) =7,
ox’
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i.e., V,r =v. We compute
(IL(V,W),v) = (nor (VyW) ,v) = (VyW,v)
— V(W) — (W, V) = _}l% (W, Vya) = _% WV

We now use the Gauss equation and the fact that R"*! is flat (i.e., R = 0) to see that
RV, W, X,Y) = (I(V, V), I(W, X)) — (I(V, X), [(W,Y))
_ 1 L
R R?
i.e., all sectional curvatures of S are equal to 1/R?.

(V,Y) (W, X) (V. X) (W, Y),

8.3.2. Level sets of smooth functions. Suppose (M,g) is a Riemannian manifold, f € C=(M),
and 0 is a regular value of f (i.e., (Df), is of maximal rank for all x € f~1(0)), so that f~*(0)
is a smooth submanifold of M (of codimension one).

Note that grad f is orthogonal to 7),M, so I is a multiple of grad f. We then compute

(I(V. W), grad f) = (Vo W.grad f) = V (W, grad f) — (W, Vy grad f)
= — (Hess f) (V, W),
where the Hessian of f is defined by
Hess f(V,W) = (W, Vv V f).

(Note that the Hessian is a (0, 2)-tensor.)
We then have that

1
I(V,W) = —————— Hess f(V, W) grad f.
lgrad f

8.3.3. Graphs in R"!. Suppose u : Q — R is a smooth function, where 0 C R" is open,
and consider its graph

M={(z" ..., 2" u(", ..., 2") | (z',...,2") e R"} C R*".
For convenience we also define the functions F':  — R"*! by
F(z',. .. 2") = (o, 2" u(z!, ... 2")),
and f: QxR — R by
flat, . " ") = (', ") — 2

Observe that 0 is a regular value of f and that M = f~1(0); M is also the image of F.
At each point the tangent space of M is spanned by v; = F.e;, where ¢; are the standard
basis vectors in R™. Concretely, we have

o ]_ o €;
Y= o azu ’

0
&u

where ¢; is the ith standard basis vector in R™.




MATH 623: DIFFERENTIAL GEOMETRY II 49

The normal vector to M is given by
1
v=onV/,
IV /]

where we have reverted to using V instead of grad for the gradient because we are working
in R"*! instead of a general manifold. By the previous subsection, we know that

1 —1 0%u
I(v;,v;) = ——— Hess(v;,v;)Vf = .
’ IV f)? ’ /14 IVl 0zt 0

(The induced metric is d;; 4 0;u0;u; after we define the mean curvature vector in the following
section you can compute that we end up with the famous minimal surface equation here after
taking the trace.)

8.3.4. Hyperbolic space. Consider now the Minkowski space R™ equipped with linear coor-
dinates (¢,z',...,z") and the Lorentzian (pseudo-Riemannian of signature (1,n)) metric

—dt* + dx - dx.
Let M be one sheet of the two-sheeted hyperboloid, i.e.,
M={-*+z’=—-R*|t>0}.

Observe that the metric g induced by the Minkowski metric is in fact Riemannian (though
the Minkowski metric is not). Indeed, we can find an explicit parametrization of M by

F:R" — M,
F(z) = (\/ |z +R2,x> :

Given p = (t,z) € M and writing F' : R" — M, the tangent space is given by

T,M = (DF),(R") = {(vm) | v = e }
On such a vector, we have

_ t\2 x T (l’ ’ Ux>2 T T ‘ZIZ”Q ’Ux’2

g(v,v) = =)+ 0" v ——t—2+v vtz -

As |z)* = t> — R?, we have |z|* /t? < 1, so g(v,v) is strictly positive for v # 0.
One vector normal to M is given by the position vector

(=)

which has inner product —R? with itself. In particular, the “unit” normal (normalized to
have inner product —1 with itself) is given by

i)

By the same argument as with a sphere, we have that

+ |v®]?.

LV, W), ) = — (W, Ty0) = —}l% WV,
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Now by the Gauss equation, we have

1 1
= (VYY) (W X) (v, v) = =5 (V.X) (W Y) (v, v)

-1
i.e., the sectional curvatures of M are all —1/R?. (Exercise: Check that this copy of hyper-
bolic space is isometric to the others you've seen so far.)

8.4. Parallel transport and geodesics. As before, assume M C M is a submanifold, g
is a metric on M, and ¢ is the induced metric on M.

Suppose a : [ — M is a curve and Y € X(«) is tangent to M. Using bars as before to
denote the extrinsic quantities and a lack of bars to denote the intrinsic ones, we have

%Y(t) _ tan (gm)) ,

so that Y is parallel along « in M if and only if %Y(t) 1 ToyM for all ¢.
By the discussion within the second fundamental form section (and our definition of the
covariant derivative along a curve), we have
D D
—Y(t)= =Y (t)+ LY (t),a/(t
(1) = V() IV, 0/(0),
so in particular, « is a geodesic in M if and only if o/(t) is parallel in M if and only if

%Ozl(t) 1 Ta(t)M.

Proposition 75. The following are equivalent:
(i) Geodesics in M are also geodesics in M,
(1)) T =0, and
(iii) If a is a curve in M and v € Tyo\M, then the parallel transport of v along o in M
agrees with the parallel transport of v along o in M.

Proof. The third implies the first because geodesics are characterized by the fact that they
parallel transport their tangent vectors. The second implies the third by the formula relating
covariant derivatives in M and M.

For the remaining implication, take p € M, v € T,M and take a geodesic o in M with
a(0) = p, &’(0) = v. Since « is a geodesic in M, it must be a geodesic in M (by hypothesis),
so that L

D D
—d(t) = =d(t) =0,
and therefore I(o/(t),a/(t)) = 0, i.e., I(v,v) = 0 for all vectors v € T,M. By our work last
semester,'? T must be skew-symmetric. As we already knew I was symmetric, we conclude
I=0. OJ

Definition 76. If any of these conditions holds, then M is totally geodesic.

Now let’s restrict our attention to the setting where M is a hypersurface, so dim M = n
and dim M =n + 1.

121t follows from the identity (v + w, v + w) = (v, v) + I(v, w) + L(w, v) + L(w, w).
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Definition 77. M is totally umbilic if I(V, W) = (V, W) (%H), where H is the trace of II,
ie.,

H = Z gij]I(UZ‘,Uj).
i,j=1

Let’s look at the situation when M = R™' and g is the Euclidean metric. Assume
M c R™"! is a connected hypersurface and n > 2. Let v denote a choice of unit normal for
M.

Proposition 78. M is totally umbilic if and only if there is some X € R with I(V, W) =
MV, W)Y v if and only if M is a piece of a sphere or a plane.

Proof. First note that R = 0, so the Codazzi equation implies that
(ViD(W, X) = (VipD)(V, X).

We’ve already used before that the covariant derivative commutes with the trace, so, setting

MV, W) =(I(V,W),v) and 7=}, . g hy; the trace of h, we have, for any W
W(r)=>_g" (Vwh) (vi,v;),

,J
which is then equal to

> (V) ()

by the consequence of the Codazzi equation. Note also that H = 7v.
We turn to the proof. If M is totally umbilic, then h(V, W) = £ (V, W) 7. We apply this
identity with V' = v;, take the derivative in v;, and then contract with the metric to get

nzgij (V'U7h) (Uia W) = Zgijvj(T) <Uja W> = W(T>7
i,j 0]
but our earlier observation shows that the left side is also nW (7). As n > 2, we conclude

W(r) =0. As W was arbitrary, 7 is lcoally constant, so 7 = nA, i.e., h = A\g and I = A\gv.
We treat the next part in two cases. First suppose A = 0, so I(V, W) = 0, so

0= <VVW, V> =V <VV, I/> — <W,vvy> = — <VV,vvl/>

In particular, Vv is orthogonal to M. As it is a unit normal vector, none of its derivatives
have normal components and hence Vi~ = 0. This is true for all V tangent to M and so v
is constant, i.e., M is part of a hyperplane.

If A # 0, the same argument shows that

(Vyr, W) = =X(V,W).
Recalling that the positiion vector z satisfies Vya = V for all V, we then have
<vv(7/ + )\$), W> =0

for all vectors V, W tangent to M. Varying W shows that Vv (v+ Az) is orthogonal to T, M;
again Vy v has no normal component and Vyx = V' also has no normal component so indeed
Vy (v + Ax) = 0 for all vectors V tangent to M. In particular, there is a constant a € R™*!
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so that v + Az = a for all € M (as M is connected). As v is a unit vector, this implies
that .

Al
for all x € M, i.e., M is a piece of a sphere.
The final implication is an exercise (and indeed we did it above!): you compute the second
fundamental form for a plane (I = 0) or a sphere (done above) to see that it has the desired
form. U

A

‘ a

APPENDIX A. SMOOTH DEPENDENCE ON PARAMETERS

Last semester we had a more-difficult-than-necessary discussion of how solutions of ODEs
depend smoothly on parameters.



